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Testing for Unsatisfiability and Tautologies
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Soundness and Completeness of TAUT and USAT

Proposition 3 (1) The test TAUT(c) for ¢ given in either TF® or TF* delivers TRUE if
and only if E[¢] = D in all models of T .

Proof: The proof proceeds by structual induction over c.
Soundness: TAUT(¢) = TRUE only if £[c] = D in all models of 7.

1.

2.

E[T] = D follows immediately from Definition 9.

£[3>07] = D holds because the requirement of at least zero fillers is satisfied for any
domain element in D independent of whether the relation is defined for it or not.

. EVrd) = D for TAUT(7.) = TRUE because of £[f.] = D based on the induction

hypothesis and thus there can be no domain element a with a ¢ £[7.] = D.

. Elanb] = D only if £[a] N E[b] = D, which is only possible when £[a] = D and £[b] = D

according to the semantics of set intersection.

Completeness: TAUT(c) = FALSE only if £[c] C D in some model of 7. The function
TAUT(c) = returns FALSE only in the following cases:

1.

2.

¢ = 1 with £[L] = @ C D follows immediately from Definition 9.

¢ = a with £[a] C D because the interpretation of a primitive concept is a subset of D
according to Definition 9.

. ¢=anbthen TAUT(c) = FALSE if either TAUT(a) = FALSE or TAUT(b) = FALSE.

Thus there exists a model & with either £[a] C D or £[b] C D and therefore £[c] C D.

. ¢ = denr then TAUT(c) = FALSE since we can construct a model in which r has

more than n role fillers for at least one object in the domain, i. e. £[I<nr] C D unless
n = oo, which is not admitted since n is required to be finite.

. ¢=3>nr then TAUT(c) = FALSE for n > 1 and we can construct a model in which r

has no role fillers or is undefined for at least one object in the domain, i. e. [¢] C D.

. ¢ =Vr.dthen TAUT(c) = FaLsk if TAUT(#.) = FALSE. Thus there must be a § € D

with 8 ¢ &[F.] according to the induction hypothesis. Therefore, we can construct a

model £ with {(a, ) € &'[r], but g & E'[#.] and thus &[] C D.

Proposition 4 (2) Let ¢ be a concept description given ein either in TF© or TF* then
USAT(c) = TRUE if and only if E[c] = O in all models of T .

Proof: Soundness: USAT(c)= TRUE only if £[c] = @ in all models of 7.

1.

2.

E[L] = § according to Definition 9.

Elamb] = B only if E[a] = B or E[a] = @ according to the semantics of set intersection.



3. E[Vr.LM3>ns] = @ because it requires the existence of a domain element z for which
no y exists satisfying r, but there is atleast one y satisfying s because of n > 1. Since
E[s] C &[r], and (z,y) in E[s] it follows that (z,y) in &£[r], i. e. there must be a y for
satisfying r and thus a contradiction occurs.

4. E[I>nrN3ck s] = ) because we have atleast n pairs (z,y) in £[r] and since E[r] C E[s]
there must be atleast the same n pairs in £[s|, while £[s] is allowed to be satisfied by
only a strictly smaller number of pairs because of £k < n.

We prove completeness of USAT for the language 7 F © by constructing for the case USAT(c)=FALSE
an interpretation & with £[c] # 0. Without loss of generality we can assume that X(¢,7)

does not contain redundant information of the kind d>nr M d>mr and d<nr M dcmr. In

the first case 3> maz(n, m)r and in the second case I<min(n, m)r are sufficient.

The technique for constructing such an interpretation is borrowed from the completeness proof
technique for tableaux calculi. We define a set of labeled tableaux rules which computes an

open branch from which we can read off an interpretation satisfying ¢. We get only one single

such branch, since the language contains no disjunction and negation. Starting with an initial

set B = {a : ¢} where a is a fresh constant, we extend B by adding new facts according to

the following rules:

a:cyMeg — a:cy and a: ¢y
a:3snr — r(a,ay) and ... and r(a,a,) where the a; are fresh

a:Vr.dand r(a,b) — b:d

The rules mean that whenever B contains instances of the facts from the left hand side of the
rule then the corresponding instances of the facts from the right hand side are to be added
to B, and this as long as possible, but without repeated application to the same facts. Since
c is finite, this rule system always terminates.

A fully expanded branch B can be turned into an interpretation £ with domain D and
corresponding interpretation of the roles and concepts.

]
l

{a|la:de B}yU{a|r(a,b)e B or r(b,a)€ B} for some d,r,b

o
S
Il

{a|a:de B} for an atomic concept d
Elr] = {(a,b)|r(a,b) € B} for aroler

Now we have to show that if USAT(c) = FALSE and B is a fully expanded branch according
to the above rules and £ is the interpretation generated by B then & satisfies all facts in B
in the following sense:

If a:d e B then a € £[d] and if 7(a,b) € B then (a,b) € £[r].

In particular, this means for the starting term ¢ and the starting fact @ : ¢ € B that a € &][¢]
which implies immediately that £[c] # . By the construction of the interpretation of the
roles, this is obviously true for the role terms r(a,b) € B. For the concept terms a : d we
prove this claim by induction on the structure of d. The base case where d is atomic holds
by the construction of £. For the induction step we have to consider the following cases:
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d =dj Mdga: If USAT(d) = FALSE then by definition of USAT it holds that USAT(d;)
= USAT(dy) = FALSE. Furthermore by the M expansion rule, a : d; € B and a: dy € B.
Thus we can apply the induction hypothesis which yields ¢ € £[di] and @ € £[d3] and
therefore a € E[dy M dy).

e d = dsnr: The expansion rule for 35 generates n r-successors for a. Therefore &
satisfies @ : Isnr.

e d = d<kr: Suppose r(a,ay),...,7(a,a,) € B with m > k. According to the con-
struction of B this can only happen if @ : d>mr € B, which is only possible if
a: (I>mrNdckr) € B. This violates the USAT(d) = FALSE assumption. There-
fore there cannot be more than k£ r—successors of ¢ in B.

o d = Vr.e: If there are any r-successors a; of @ in B we have «; : € € B according to the
extension rule for V. Furthermore a : 3>nr must be in B as well as a : Vr.eMdsnr.
Since USAT(d) = FALSE and by definition of USAT we know that USAT(e) = FALSE.
Thus, the induction hypothesis can be applied and we obtain for all r-successors a; of
a: a; € E[e]. Thus a € E[Vr.e]. If there are no r-successors of @ in B then £[r(a)] =0
and therefore a € E[V r.e].

Soundness and Completeness of SUCC

In order to prove soundness and completeness of SUCC, we first show soundness and com-
pleteness of {4 for the languages 7F © and 7 F *. The algorithm obtains a concept description
c = T;c; or ¢ § M;c; as input and returns a set of successor concepts y from the taxonomy.
The proofs proceed by structural induction over ¢ and y.

Soundness of /;.

Proposition 5 Let ¢,y be concept descriptions in a terminology T given in either TF® or

TF* then y € Ly, only if E[c] D E[y] holds in all models of T.

Proof:

We prove soundness directly by showing that y € {4, implies £[¢] D &[y]. The first part of the
proof considers the various syntactical base cases for ¢, then soundness is proven for ¢ being a
concept conjunction or concept specialization. For each of the syntactical possibilities of ¢ we
proceed recursively over the syntactic structure of the successor concepts y that are returned
by the classifier.

1.¢=T

This case is completely addressed in the preprocessing phase which returns SUCC(c) = {T}.
According to Definition 9 and soundness of TAUT we know that £[¢c] = D and £[y] = D and
therefore £[c] = &£[y] which implies £[¢] 2 E]y].

2.¢c= 1

The preprocessing phase returns SUCC(c) = {L}. According to Definition 9 and soundness
of USAT we know that £[c] = @ and E[y] = 0 and again &[c] = £[y] which implies £[c] D E[y].
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3. ¢ = a with a atomic

The concept a is a node in the taxonomy and the classifier returns the successors of a as a
result following the <., relation in Step 1. According to Definitions 14 and 12

y<,a=>yCa= &yl CEla] = Ea] D E[y]

Since £[c] = Ela], it follows that £[¢] 2 £[y]. A similar construction is used in Steps 10 and 5
when the successors = of a successor y are recursively added to .. Soundness of these steps
follows from the transitivity of the subsumption and the successor relations

<, YNy <, a=>z <, a=E[a] D E[z]

4. ¢ =Vr.d

Note that ¢ is not a conjunction, but that d can be an arbitrary concept description. The
concept 7. represents the expanded normal-form representation of d, because ¢ does not
contain or inherit other value restriction on r.

Step 2 addresses the special case 7. = T and returns y = T. We know that TAUT(7,) must
have returned TRUE because of 7. = T and since TAUT is sound and complete, it follows
E[t.] = €[d] = D and thus £[¢] = D. Furthermore £[y] = D according to Definition 9 and
thus £[c] = &[y] which implies £[c] 2 E]y].

Step 3 considers the case 7. # T (including 7. = L). We proceed by structural induction
over the returned successor concepts y:

o y=Vs.f withsel), and 5, = L
The condition s € £}, holds only if £[r] C £[s] according to Definition 16. The pre-
processing phase sets 8, = L only if USAT(8,) = TRUE and because of Proposition 2
it holds &[f] = £[3,] = 0 since §, represents the expanded normal-form representation
of f and y is not a conjunction. Thus £[d] 2 £[f] is satisfied and soundness follows
according to the subsequent observation for any extension function &:

E[d) D E[fINE[r] CE[s] = E[Vs.d] D EVs.fl = ENr.d] D E[Vs.f]

o y=Vs.f with s € £, and 3, € {15,
Note that again £[3,] = £[f] and £[F.] = £[d] because of the syntactic restrictions on ¢
and y and that 3, € {;;_ implies £[d] D £[f] because of the induction hypothesis. Thus
E[r] C &[s] and &£[d] D &£[f] are satisfied and soundness follows based on the above
observation for £.

o y=3J<0s with s € £,
The condition s € £, satisfies £[r] C £[s] according to Definition 16. For any extension
function holds &[r] C &[s] = E[Vr.d] 2 £V s.d].
Any arbitrary concept d satisfies £[d] D £[L] and based on Definition 9 we know that
Eld] D E[L] = E[Vs.d] D E[Vs.L].

With that £[Vr.d] 2 £]Vs. L] must hold and thus £[Vr.d] 2 £[3<0 s] follows because of
ElVs.L] = E[3<04].
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o y =Ty and y; : E[c] 2 E[y;]

A concept conjunction y is returned as a successor only if one of its conjuncts satisfies
the previous cases. Since £[M;y;] = N; E[y;] and E[y;] 2 N; E[ys] it follows E[c] D E]y].
If y is a successor because of an y; = Vs.f satisfying the generation rules, then the
conditions &[r] C £[s] and &[F;] D £[5,] are sufficient for £[c] D E[y] although £[3,] C
E[f] since y contains no disjunction. But §, represents the actual value restriction
on s, i. e. replacing all occurrences of Vs.f with V5.5, in y is extension preserving.
Soundness of the test 3, € £1;. follows from the following observations:

— In the special case 7. = L, soundness and completeness of USAT guarantee that
&[] = 0. The algorithm considers only value restrictions with 3, = L which
satisfy €[] D E[sy] because of £[3,] = 0.

— If #. # L the test is based on the syntactical structure of 7. = M;d;:
Elr] D E[3,] & E[Midi] D E£[5]
& N E[d;] O E[3,]
& Eldi] D E[8y] N E[da]) D E[8y] A .. A Eldy] D E]5y]

This justifies soundness of the successor generation for the single d;. Step 4
generates candidates y satisfying that 5, is a successor of d; leading to the sets
Y;. Then in Step 5 all their successors are added, for which soundness has already
been proven. The intersection of the single sets {1y, makes sure that only concepts
are preserved that satisfy N; £[d;] O £[§,] and with that £[7;] D £[3,].

If y is generated because of y; = 3<0 s then problems could occur if the actual number
restriction on s would be greater than 0. But if y contains or inherits a y; = d<m s
and m > 1 then no increase occurs because of min(0,m). If y inherits or contains a
number restriction y; = I>m s with m > 1 then y itself becomes unsatisfiable and is
a successor of any concept. Other possibilites are excluded in a language without role
hierarchies.

.c=3snr

o y=1T
is returned in Step 7 for the case n = 0. Soundness follows from soundness of TAUT:

Ele] = Ely] = D and thus E[c] 2 &[y].

o y=dskswith k> nand s € {y,
is returned in Step 8 for the case n > 1. Soundness of this step follows from the
observation

Elr] 2 €[s] AN k>n= E[T>ns] D E[A>ks] = E[d>nr] D E[I>k 5]

o y =Ty and 3y, : E[c] 2 E[y;]
A concept conjunction y is returned as a successor only if one of its conjuncts satisfies
y = d>ks with £ > n and s € {y,. The test on k becomes invalid when the actual
number restriction of s in y is smaller than k. If y contains or inherits a y; = d>m s
and m < k < n, soundness would still be guaranteed, since the number restriction on
s in y is max(m, k). If y; = 3<m s and m < k then y itself becomes unsatisfiable and
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is a successor of any concept. In the language 7 F* the latter situation cannot occur,
because no d«< operator is provided.

6. ¢c = Elsnr

No case analysis over n is necessary and Step 9 returns:

o y=Vs.f withsel), and 5, = L
Since £[Vs.L] = £[3<0s] and £[I<0s] C £[I<n s] we can conclude that £[Vs.1] C
Edcnr] if E[r] C E]s].

o y=dckswith k< nandsefl,
Soundness follows from the observation

kE<n AE[s] 2 E[r] = E[<nr] D E[I<kr] = E[T<nr] D £[I<k 5]
o y =Ty and 3y, : E[c] 2 E[y;]
If y was returned as a successor because of one y; = V s. f satisfying the generation step,
then the test condition 3, = L will still be satisfied because 3, takes into consideration
all value restrictions that are inherited by y or spread over the various ;.

If y; = d<k s then the test £ < n becomes invalid if the actual number restriction of
s in y is greater than k. In the language 7.F© this is impossible without y becoming
unsatisfiable if it contained or inherited a y; = d>ms with m > n > k. But an
unsatisfiable concept is a succesor of any concept.

This completes the proof of soundness for the base cases of ¢. In the following we investigate
the impacts of ¢ being a concept conjunction and y being a concept spezialization.

7. ¢ = [—lici
o [ic; =T
Soundness and completeness of TAUT guarantee that £[c] = D is discovered. The
classifier returns y = T for which holds &[y] = D. Soundness follows because of

Ele] = Ely] = D = &[c] 2 £[y].

o Mic;, =L
Soundness and completeness of USAT guarantee that £[c] = @ is discovered. The
classifier returns y = L for which holds £[y] = 0. Soundness follows because of £[c] =

Elyl = 0 = &[] 2 Ey].

If M;e; # T # L, the classifier generates the sets £, for each ¢; and computes their intersec-
tion in Step 11. Soundness of this step follows from the observation

Ela] 2 EYI A - A Elen] 2 Ely] = Nifllei] 2 Ely] = E[Miei] 2 Ely] = £[c] 2 £[y]

Now we have to investigate whether soundness of the individual generation steps can be
affected because of interactions among value or number restrictions within c.
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7a. c=Vrdnd

If ¢’ contains or inherits further value restrictions on r then the extension of the value restric-
tion on r in ¢ can be smaller than the extension of d, i. e. £[f.] C £[d]. This means, testing
3y € 14 would violate soundness and therefore the classifier uses the actual value restriction
of r represented in 7,. Soundness of the test 5§, € {17, has already been proven in Case 4.

Tb. c=dsnrnd

Let us assume that ¢’ contains or inherits a ¢; = I>m r.

o If n =0and m > 1 then y = T is no longer a valid successor. Soundness is preserved
in Step 11 because y is not contained in the successor set of ¢; because of soundness of
Step 8.

o If » > 1 and m > n, the classifier returns y = 3>k s satisfying & > n. If £ < m then
y is not a valid successor of ¢ because it is not a valid successor of ¢;. Soundness is
preserved in Step 11.

In both sublanguages under consideration, the actual number restriction of r can only be
greater than n if such a concept c; is contained in or inherited by ¢. The language 7F©
excludes role hierarchies and thus it is impossible that r inherits additional role fillers over
the role hierarchy. In 7 F*, a role hierarchy is admitted, but no d< operator is provided,
which makes it impossible to formulate disjointness on role fillers.

Tc. c=dcnrnd

Soundness of Step 9 would be affected if the actual number restriction on s were smaller
than n. In the language 7. F© without subroles this can only happen, when ¢’ contains or
inherits ¢; = d«¢mr and m < k < n. But y satisfying the generation tests with respect to
n would not sat_isfy it with respect to m, i. e. soundness is again preserved by Step 11 when
the intersection of successor sets for ¢; = 3<nr and ¢; is computed. Other possibilities for ¢
to have a smaller number restriction than n on r are excluded in 7 ©. We do not need to
investigate the language 7 F* because it does not provide the < operator.

8. c S ﬂici

If ¢ is a specialization, y = L is returned. Soundness follows immediatley since £[1] = § and
E[c] 2 @ for arbitrary ¢ according to Definition 9.

9. y < My

Concept specializations y are returned by the classifier if one y; satisfies £[¢] D E[y;]. Since
E[Miys] D E[y] according to the semantics of terminological specializations and the rule &[¢] D
Ely:]l = Ele] 2 E[M;y:] it follows E[c] 2 E[y] for y < Myy;.

With that the proof of soundness of {;. and for the simple cases directly solved by SUCC
has been completed. u
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Completeness of /.

Proposition 6 Let ¢,y be concept descriptions in a terminology T given in either TF® or

TF*. y € by if E[c] D E[y] holds in all models of T.

We prove completeness indirectly by twofold induction over ¢ and y. Instead of showing that
Elc] 2 €ly] = y € 4. in all models, we show that y ¢ ¢, = E[c] 2 £[y] in some model by
constructing a model in which an object is contained in the extension of y, but not in the
extension of ¢. In some cases, the proof will also be based on general set-theoretic properties
of extension functions.

Proof:

1.¢e=T

The classifier returns SUCC(T) := {T} after preprocessing, with T representing the set of
all tautological concepts {y | £[y] = D} because of soundness and completeness of TAUT and
Definition 14. SUCC(T) is complete if all immediate successors of T are contained in this
set. Since TAUT(y) = TRUE & E[y] = D all concepts z that satisfy TAUT(z) # TRUE
satisfy £[z] C D. Applying Definition 14, such an z cannot be an immediate successor of T
because of z # y (since £[y] # &[z]) but z C y because of £[z] C D and E[y] = D.

2.¢c= 1

The classifier returns SUCC(L) := {L} after preprocessing, with L representing the set of
all unsatisfiable concepts {y|&[y] = 0}. Soundness and Completeness of USAT guarantee
that USAT(y) = TRUE & E[y] = @. Thus any concept z not returned by the classifier has a
non-empty extension in all models and therefore £[c] 2 £[z] because of E[c] = @, but E[z] # 0.

3. ¢ = a with a atomic

In Step 1 the classifier follows all possible paths in the taxonomy based on <. relations.
All concepts z that are not reached over these paths are not contained in /.. According to
Definition 14 z £, « if and only if either (1) z £ a or (2) # C @ and there is a concept z with
z# zand z C z and z <, a. For (1) holds that £[z] € &[a] according to the semantics of
subsumption and it follows &[c] 2 E[z] because of E[c] = £[a]. In the second case, it follows
that E[c] O £[z], i. e. the concepts z have to be added to £, to achieve completeness. This
is done in Step 10, when the classifier recursively follows the <., relations down to L and z
is added to £;. when reaching the path starting in z.

4. ¢ =Vr.d

The special case 7. = T is covered by TAUT during the preprocessing phase because of
TAUT(Yr.T)= TrUE. Completeness follows from the proof for Case 1.

For the case d # T (i. e. £[d] C D and therefore also £[¢] C D), we proceed recursively over
the structure of all y that are not returned in ¢4, by Steps 3 and 10 and show that £[c] 2 £[y]
holds:

y=T
Ele] 2 E]y] because of £[T] = D, but &[c] C D.
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e y = a with @ primitive
We can construct a model with a domain element a € E[y], but a € E[¢]. Such a
domain element must exist because of &[¢] C D.

e y = a with a defined
Completeness is achieved by Step 10: a is not added to {{, only if it is a successor
of a concept z ¢ (1. and thus £[c] 2 E[z]. Since E[a] C £[z] there is a model with

Ele] 2 Ela].

o y=Vs.fand s ¢}, or 5, & l1s,.
If s g £}, then E[s] 2 &[r](inductionhypothesis).Thus, weconstructamodelE’ with
(a, B) € E'[r], but (o, B) & E'[s] and E'[¢] 2 E'[y] follows.

If 8, & €15, then E[7;] 2 £[3,] (induction hypothesis) and a model similar to above can
be constructed, i. e. £'[c] 2 &'[y] follows.

e y=dyns
We construct a model with (a, 8) € £[r] and (o, 3) € &[s], but with § ¢ £[d]. Such an
object # must exist because of £[d] C D and n > 0.

o y=3<0s with s ¢ (|,
There is a model with an object a for which no object 3 exists with (o, 8) € &[s], i. e.
s has no role fillers in this model and o € £[y]. But a ¢ &[] because of (o, §) & &[r],
which is possible since E[¢] C D and E[r] € £[s].

o y=dcnswithn>1
We construct a model with (a, 8) € £[r] and (a, 3) € &[s], but with § ¢ £[d]. Such an
object § must exist because of £[d] C D and n > 1.

Now we prove completeness for y = M;y; with Vy; : y; & (1., i. e. none of the y; is a successor,
but y can be a successor in the following cases:

e USAT(y)= TRUE
Even if all y; are satisfiable and y; & {1, holds, their conjunction can become unsatisfi-
able and thus £[y] = 0, i. e. y would be a successor. Completeness of U S AT guarantees
that all such y are discovered and since L is added to {{. through Step 10 also y is
represented in {1..

o y=Vs.fMy
Since y' can contain or inherit further value restrictions on s, the test 3, € fy; is
performed with 5, representing the actual value restriction on s in y according to
Definition 16. Testing f € {17, would violate completeness since if £[d] 2 £[f], it is
still possible that £[d] D £[3,] because of £[3,] C &[f].

o y=3dcnsly'
There is no possibility in 7 F © that the actual number restriction on s is 0 if ¥ contains
or inherits only number restrictions that are greater or equal to 1 because the language
contains no subroles. If y' contains or inherits y; = I5ks with & > n, it becomes
unsatisfiable. Completeness of US AT guarantees that unsatisfiability of y is detected
when y was added to the taxonomy. Therefore, y will be added to £, in Step 10 when
1 is added to the successor set.
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Completeness for concept specializations y < M;y; is proven similarly. A specialization y is
only not considered as a successor if Vy; : E[c] 2 E[y:]. It follows that E[c] 2 £[M;y;] unless
M;y; is unsatisfiable or the concept description MM;y; is a successor because of y < Vs.f My’
and £[7.] D £[3,] since ¢ = Vr.d. In the first case, y is not a valid concept specialization,
which is detected during preprocessing and y is not added to the taxonomy. In the second
case, completeness is achieved because V s.f satisfies the generation rule and thus there is
one y; that is a successor of ¢ and y is therefore added as a successor.

5.c=dnr

For the case n = 0, Step 7 returns T as a successor and Step 10 adds all successors of T, i. e.
all concepts in 7.

For the case n > 1 we proceed recursively over the structure of all y that are not returned in
L1, by Steps 8 and 10 and show that £[c] 2 &[y] holds:

o y=T
Since &[c] C D, but [T] = D it follows E[c] 2 E[y].

e y = a and a primitive
We can construct a model with a domain element o € E[y], but a &€ E[c]. Since E[¢] C D
such an element must exist.

e y = a and a defined
Then @ must not be a successor of a concept = € {1, according to Step 10, i. e. a is
only a successor of non-successors z for which we know E[c] 2 £[z]. Since £[z] D &]qa]
there is model in which £[¢] 2 E]y].

o y=VYsud
We can construct a model in which either some pairs (a, 3) are in £[s], but not in &[r]
or where s has less than n role fillers.

e y=3dsksand s¢ ly, otk <n
If s ¢ {1, then there are pairs (o, 3) in £[s], but not in &£[r] and thus we can construct
a model with a domain object a € E[y], but a ¢ £[¢].

If £ < n then we can construct a model &£[c] with a domain object a € £[y] that has
less than n, but at least k role fillers for s. Obviously, @ would not be in the extension
of ¢. Such an element a must exist because y and ¢ are both satisfiable and £[¢] C D.

oYy = Hsk‘ S
Since s can have zero to k role fillers, but n > 1, any model in which s has zero role

fillers implies £[c] 2 E[y].

Finally, we investigate concept conjunctions and concept specializations again. If y = M;y;
and Vy; : y; & {4., completeness of USAT guarantees that unsatisfiability of y is detected
and y is added as a successor in Step 10. For y; = d> ks, it would be critical if the actual
number restriction of s in y is smaller than k. One possibility is that y contains or inherits
a y; = dems and m < n. But in this case, y is unsatisfiable and completeness of USAT
for TF® has been proven. If y contains or inherits a y; = d>m s with m < n, then the
actual value restriction of s in y is maz(k, m), i. e. no decrease occurs. Other possibilities
are excluded in the two languages under consideration. If y is a specialization and M;y;

36



is unsatisfiable, then y is not contained in the taxonomy. If y < I>ks My the above
argumentation applies in the same way.

6.c:E3§nr

Independent of n, concepts y of the structure y = T, y = @ and a primitive, ¥y = @ and «a
defined are not contained in £;.. The completeness proof proceeds identical to the previous
case.

For the special case n = 0 we know that ¢ can only have models where no pairs (a, 3) are in
E[r], while the concepts y = Vs.d with 3, # L,y = 3>ks, and y = I<ks with £ > 1 can all
have models were pairs (a, ) are in E[s], i. e. E[c] 2 E[y] follows.

For the case n > 1, we have to analyse concepts y of the following syntactical structure that
are not contained in {q,:

o y=Vsdwithsg/{, ors, #1
If s ¢ £}, then &[r] € £[s]. Thus there is a model in which r and s are satisfied by
different object pairs, and thus there is a domain object a in the extension of y, but
not in the extension of c.

If 3, # L we can construct a model for y, in which an object has more than n role
fillers for s and all these fillers also satisfy r. This object is in the extension of y, but
not in the extension of ¢ because it has too many role fillers for r.

oYy = sz‘ S
We construct a model in which a domain object has more than n role fillers for s, and
all fillers would also be in r. This object is not in the extension of ¢ because it has too
many role fillers for r.

o y=dckswithsg{,ork>n
If s ¢ £}, then &[r] € £[s]. Thus there is a model in which r and s are satisfied by
different object pairs, and thus there is a domain object a in the extension of y, but
not in the extension of c.

If £ > n we construct a model in which a domain object a in the extension of y must
have at least n + 1 role fillers for s and all these fillers are also in the extension of 7.
Then « has too many role fillers for r and therefore cannot be in the extension of c.

If y =My, and Vy; : y; & Lqe, then y is a successor if USAT(y) = TRUE or if the actual
number restriction of a role s would be greater than k. Completeness for the first case is
again achieved by completeness of USAT. The actual value restriction of an atmost number
restriction cannot change in 7 .F ©, because even if y contains or inherits bigger atmost number
restriction on the same role, the actual number restriction is min(k, m). For specializations
y < IM;y; the analysis proceeds in the same way.

7. ¢ = [—lici

A concept y is not contained in £, if y is not a successor of at least one ¢;. In this case, we

know that £[c;] 2 E[y], which implies £[M;¢;] 2 E[y] because of E[¢;] 2 E[M;¢;].

e c=Vrdnd
The extension of the actual value restriction of r can be smaller than £[d] because
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E[7e] C £[d]in both languages under consideration. Completeness would not be affected
because 3, € (14 is sufficient for 3, & {15, .

e c=3snrnd
Additional concepts could become successors if the number restriction on r is smaller
than n. In the two languages this can only happen if ¢ contains or inherits number
restrictions I>m r or d<m r with m < n. In the first case, the actual number restriction

is maz(k, m). In the second case, ¢ becomes unsatisfiable and completeness of USAT
applies.

e c=dcnrnd
Additional concepts could become successors if the number restriction on r is bigger
than n. Similar to the previous case, if ¢ contains or inherits a number restriction
d<mr with m > n, then the actual number restriction is min(m,n). If ¢ contains or
inherits a number restriction d>m r with m > n then ¢ becomes unsatisfiable, which is

discovered by USAT.

8. c S ﬂici

If c is a specialization and M;¢; is satisfiable, then the classifier returns only L as a successor
and with that all concepts that are equivalent to it. Transformation into normal-form termi-
nologies leads to ¢ = M;¢; M€ with ¢ remaining undefined in 7. Since no classified concept y
can have an undefined concept term in its definition, £[¢] 2 £[y] and with that E[c] 2 E[y]
for arbitrary y unless £[y] = 0. u

Finally, we have to prove that the reduction operation in Definition 19 preserves completeness.
Because of soundness and completeness of {1, we know y € 1. & E[c] D €[y]. The reduction
operation removes now all concepts from the set that are successors of another concept in the
set, i. e. z is removed if there is a y with £[z] # £[y] and E[y] D €[z]. Using Definition 14,
it follows that x is not an immediate successor of ¢, i. e. only non-immediate successors are
removed from the set and completeness follows.

Soundness and Completeness of PREC

We prove soundness of £|. directly using again structual induction over ¢ and y.

Soundness of /.

Proposition 7 Let ¢,y be concept descriptions in TF. y € L), only if E[c] C E[y] in all
models of T .

Proof:

1.¢=T

This case is covered by the preprocessing phase, which returns PREC(¢) = {T}. According
to Definition 9 and soundness of TAUT we know that £[¢c] = D and £[y] = D and therefore
E[e] = E[y] which implies &[c] C E[y].
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2.¢c= 1

The preprocessing phase returns PREC(c) = {L}. According to Definition 9 and soundness
of USAT we know that £[c] = @ and £[y] = 0 and again &[c] = £[y] which implies £[c] C E[y].

3. ¢ = a with a atomic

Step 12 first returns y >, a with £[a] C E[y] because of Definition 14. Since &[c] = £[al, it
follows &[c] C £[y]. Subsequently, all predecessors z of a are added, i. e. [a] C &[z] and thus
E[e] C &£[z] due to transitivity of set inclusion.

4. ¢ =Vr.d

Note that ¢ is not a conjunction and that therefore £[7.] = £[d].
Step 16 addresses the case 7, = L. We know that USAT(d) must have returned true and
thus that £[7.] = £[d] = 0. We proceed by structural induction over y.

o y=Vs.fand s €y,
The condition s € £, implies £[s] C £[r], furthermore &[f] D £[d] because of £[d]
Soundness follows from the observation for any extension function &:

0.

Ed] CEfINEr] D E[s] > VrdCVr.f=>VrdCVs.f

o y=dcksand s €l
We now that £[s] C &£[r] = E[Vr.1] = £[I<0s] and that £[3<0 5]
trary k. With that we can conclude &[s] C £[r] = &[Vr.L] C £[F<k

follows.

C &[d<k 5] for arbi-
<k s] and soundness

Step 17 addresses the case 7. # L and the classifier generates predecessors y = V s.f with
s € ly, and 5, € )7 . It holds £[5,] = £[f] and E[7.] = £[d] due to the syntactic restrictions
on ¢ and y. With the induction hypothesis we have £[s] C £[r] and £[d] C &[f] and soundness
follows from the observation

E[A)CE[fINE[s] CElr] = EVsd] CEVs.fl= ENr.d] C EVs.f]

We investigate the case of y being a concept conjunction separately in Case 9.

5. c=dsnr

The case n = 0 is addressed in Step 18, which returns the empty set, followed by Step 23,
which adds T as a predecessor. Since £[3507] = D and £[T] = D it follows £[c] = E[y] which
implies £[c] C &[y].

If n > 1 generation proceeds according to Step 19, which returns y = 35 % s with s € £}, and
k < n. Due to the syntactic restrictions on ¢ and y the numbers n and k represent the actual
number restrictions on r and s. Soundness follows from the observation

Elr] CE[s]ANE <n= ET>nr] C E[I>k 4]
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6. c=dcnr
Independent of n, generation Steps 20 and 21 return

o y=dckswithse€ly, and k > n
Due to the syntactic restrictions on ¢ and y, the numbers n and k represent the actual
number restrictions on r and s. Soundness follows from the observation

Es] CE[rIANk > n = E[T<cnr] C E[T<cn s] C E[T<k 5]
If n = 0 Step 20 additionally generates

o y=Vs.f with s € ;.
We know that £[d<0r] = £[Vr.L] according to Definition 9. Furthermore, £[Vr. 1] C
E[Vr.f] for abitrary value restrictions f. Since &[s] C £[r] (induction hypothesis) we
can conclude E[Vr.1] C £[Vs.f] and thus it follows

Els] C&[r] = €[3<07] C E[Vs.f]

7. ¢ = [—lici

o e, =T
The preprocessing phase returns y = T. Soundness of TAUT guarantees that £[c] = D
and thus £[c] = £[y] = D, which implies £[c] C &[y].

o Mic, =L
The preprocessing phase returns y = L. Soundness of US AT guarantees that [c] =
and thus &[c] = &[y] = B, which implies &[c] C E[y].

If Mje; 2 T # L, the classifier generates the predecessors with respect to a single ¢; and
returns their union. Soundness follows from the observation

Elei] C Ely]l = Niflei] C £yl = E[Nici] C Ely] = E[e] C E[y]

Again we investigate whether the validity of local tests on single ¢; is affected if ¢ contains or
inherits additional value or number restrictions.

Ta. c=Vrdnd

If ¢ contains or inherits additional value restrictions over ¢’ then £[7.] C £[d]. Steps 16 tests
7. = L and Step 17 tests 3, € £};.. Performing the same tests on d instead of on 7. would
not violate soundness: If £[d] = @) then &[] = 0 and £[d] C £[3,] implies E[7.] C E[3,]

7b. c=3snrnd

We do not need to analyse the case n = 0, because the classifier returns an empty predecessor
set in Step 18. If n > 1, the classifier returns y = 35k s satisfying k£ < n. If the actual number
restriction on r were smaller than n, then this test would become invalid:

e If ¢’ contains or inherits a concept ¢; = I>mr and m < n then the actual number
restriction on r is maxz(m,n), i. e. no decrease occurs.

o If ¢’ contains or inherits a concept ¢; = I<mr and m < n then c itselfs becomes
unsatisfiable and any concept is a predecessor of it.

Other possibilities are excluded in the two languages under consideration.
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Te. c= Elsnrl_lc’

Independent of the value of n, the Steps 20 and 21 would generate invalid predecessors if the
actual number restriction on r would be greater than n:

e If ¢’ contains or inherits a concept ¢; = I<mr and m > n then the actual number
restriction on r is min(m,n), i. e. no increase occurs.

o If ¢’ contains or inherits a concept ¢; = 3>mr and m > n then ¢ itselfs becomes
unsatisfiable and any concept is a predecessor of it.

Other possibilities are excluded in the two languages under consideration.

8. c S ﬂici

The special cases M;¢; = L and M;e; = T are addressed during preprocessing. In the first
case, ¢ is not a valid concept specialization. In the second case, y = T is returned for which
soundness is obvious because of £[¢] C D for any concept c.

If Mje; # L # T then {4, returns predecessors y with £[M;¢;] C E[y]. Since E[e] C E[M;¢;] we
can conclude &[¢] C £[y] and soundness follows.

This justifies to treat concept specializations identically to concept definitions, i. e. a valid
predecessor of the defined concept is also a predecessor of the corresponding specialization.

9. y =y,

For all previous cases we have always assumed that y is not a conjunction, i. e. that £[¢;] C E[y]
holds which implied £[¢] C E[y]. If y is a conjunction the classifier tests that y is covered by ¢
as defined in Definition 21 and the covering condition on y is sufficient to maintain soundness
since it requires that each y; is a valid predecessor of ¢, i. e. Yy; : E[c] C E[y;] and thus,
Ele] C NiElyil-

Finally, we have to exclude the possibility that a test £[c] C E[y;] is invalidated by interactions
among the various conjuncts contained in .

9a. y =Vs.fMy

If 4/ inherits or contains additional value restrictions on s, then the actual value restriction
5, on s can be smaller than f, i. e. £[3,] C &[f]. Since Steps 16 and 17 test &[7;] C £[3,]
soundness is maintained, while testing £[7.] C £[f] would lead to incorrect predecessors.

9b. y =3dsksMy

If 3 inherits or contains a number restriction y; = I>ms with m > k then indeed the
actual number restriction on s would be maz(m,k) and y is no longer a valid predecessor
until £[c] C &[y;]. But since the covering condition has to be verified on y;, soundness is
maintained because y is only kept as a predecessor when y; is a predecessor.

Other possibilities of an increase of the actual number restriction are excluded in the two
languages under consideration.
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9c. y =dcksny’

The test £ > n in Step 21 would become invalid if the actual number restriction on s in ¥ is
smaller than k. This can happen if y inherits or contains a number restriction y; = I<m s
with m < k. Indeed the actual number restriction on s would be min(m, k) and y is no longer
a valid predecessor until £[¢] C £[y;], which is verified when testing the covering condition
for y; and thus soundness is maintained.

If 3 inherits or contains a number restriction y;3>m s with m > k then y becomes unsatis-
fiable. The covering condition requires that both conjuncts of y have to be predecessors of
¢, which is impossible until ¢ is unsatisfiable itself. Since £, is only activated for satisfiable
concept descriptions ¢, only one of the conjuncts can be a valid predecessor, i. e. the cov-
ering condition for at least one conjunct is violated and thus y would not be returned as a
predecessor.

Other possibilities of a decrease of the actual number restriction are excluded in the language

TF®.

10. Yy S [_]Z'CZ'

A concept specialization y is only returned as a predecessor if it can be reached following the
> links starting in at least one ¢;. In this case, £[¢;] C E[y] holds according to Definition 14

and thus N;&[¢;] C E[y], i. e. soundness folllows.
"

Completeness of /).

Proposition 8 Let ¢,y be concept descriptions in a terminology T given in either TF® or

TF*. ye Ly if E[c] C E[y] holds in all models of T.

We prove completeness again indirectly by structural induction over ¢ and y and prove that
whenever y & (). then £[c] Z £[y] in some model of 7.

Proof:

1.¢=T

The preprocessing phase returns PREC(T) = {T}. Due to soundness and completeness of
TAUT, we know that TAUT(¢) = TRUE & &[¢] = D. The predecessor {T} represents the
set of all tautological conceps {y | TAUT(y) = TRUE}, i. e. for all y not returned in this set
holds £[y] C D because of soundness and completeness of TAUT. Thus completeness follows

with &[c] € £[y] because of £[c] = D.

2.¢c= 1

The preprocessing phase returns PREC(L) = {L}. PREC is complete if all immediate
predecessors of 1 are contained in this set. The predecessor L represents all unsatisfiable
concepts contained in 7, i. e. the set {y|USAT(y) = TRUE}. Because of soundness and
completeness of US AT we know that USAT(y) = TRUE < E[y] = @ and furthermore &[c] = .
All other concepts z with £[z] D @ cannot be immediate predecessors because of Definition 14.
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3. ¢ = a with a atomic

If ¢ is atomic and thus contained as a node in the taxonomy, the classifier starts collecting
predecessors in a and following >, links until T is reached using Step 12 and then adding T
at the end of the generation in Step 23. The set of direct predecessors is complete according
to Definition 14 because the classifier performs an exhaustive search over >... To see that the
generation of indirect predecessors is complete when starting search at direct predecessors
note that all successors x of non-predecessors z of ¢ cannot be predecessors of ¢: Let us
assume that z is a non-predecessor of ¢, i. e. £[¢] € £[z], but z is a successor of z and thus
E[z] C &[z]. Clearly, £[c] € &[z] follows and thus z is not a predecessor.

Thus, the search performed by the classifier during the generation of indirect predecessors is
complete. It terminates if either L is reached, because L cannot be a predecessor of ¢ since
c is satisfiable, i. e. £[c] D @ and thus &[¢] € @, or if a non-predecessor is reached because all
successors of non-predecessors cannot be predecessors due to the above argumentation.

An indirect predecessor is not a valid predecessor if it violates the covering condition in
Definition 21, i. e. if it is a concept specialization or a successor of a non-predecessor.

To see that a concept specialization y < M;y; cannot be a valid indirect predecessor we
consider its transformation into a defined concept y = M;y; My, which is extension-preserving.
y remains completely undefined in the terminology and can only be a predecessor of ¢ if it
is reached following the > links. But in this case, y must be a direct predecessor of c.
Otherwise, y is a successor of the non-predecessor .

With that, completeness for the generation of direct and indirect predecessors follows with the
classifier starting in ¢ and performing a complete search over the >, links and then starting
in all valid direct predecessors and performing a complete search of all their successors until
a non-predecessor is reached. It remains to prove that the test for the covering condition for
non-atomic y; and the generation of predecessors for non-atomic ¢; is complete.

4. ¢ =Vr.d

Note that due to the syntactic restrictions on ¢ we have £[7.] = £[d].

For the special case 7. = L (i. e. £[d] = @), concepts y of the following syntactical structure
are not returned by the classifier in Steps 16 and 23: y = 1, y = a with a primitive, y = I5k s
and y = Vs.f with s € £y,. Since § C E[¢] C D completeness follows because of E[c] € E[y]
in at least one model for 7 for all these y: For y = L it holds that £[y] = @ and in all other
cases we can construct a model in which an object a is contained in the extension of ¢, but
not in the extension of y. Since £[c] C D such an object must exist.

o If y = @ and « is not primitive then y is either a defined concept or introduced through
a specialization. A concept specialization cannot be a valid predecessor unless it is a
direct predecessor as we have proven previously.

o If y is defined (i. e. y = MM;y;) then y is not a predecessor if one of its y; does not
satisfy the covering condition from Definition 21. But in this case, y is a successor of
a non-predecessor and therefore £[c] Z E[y].

The impact of a conjunctive y on number and value restrictions contained in y does not need
to be investigated for ¢ = V r.d since solely subsumption between roles is tested and thus the
generation result of the classifier is independent of the actual number or value restriction on
a role. For all remaining syntactical possibilities we do not again address the case that y is
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a specialization or violates the covering condition, since it should be obvious that it cannot
be a predecessor in this case.

If 7. # L (€[d] # 0) generation proceeds according to Steps 17 and 23.

o If £[d] = D then &[c] = D and completeness follows as in the case of ¢ = T because
Step 23 returns T representing all y with E[y] = D.

e If £[d] C D then § C &[¢] C D and concepts y of the following syntactical structure
are not returned by the classifier in Steps 16 and 23: y = 1, y = a@ with @ primitive,
y=13>ks,y=3<ksandy =Vs.f withs & {1, or 8, € £}7,. The proof of completeness
is identical to the case 7. = L with the two additional cases of y=d<ksand y=Vs.f
with §y € flfc.

If y is a concept conjunction, we only need to investigate whether it can be a predecessor
even if its value restricting concept 5, does violate the test 5, € £|; . This cannot be the
case. Note that &[] = £[d], but that £[3,] C £[f]. To achieve completeness, only testing
E[r:] C &[f] would be sufficient, because a concept y satisfying E[7.] € &[f] for its value
restriction can never satisfy £[#;] C £[8,]. But as we have seen in the proof of soundness for
{|. using the actual value restriction on s in y is necessary to maintain soundness.

5. c=dnr

If n = 0 Step 23 returns T and since £[¢] = D completeness follows as proven in Case 1.

If n > 1 then £[c] C D and the following y are not returned by £|.;: y = L, y = a with a
primitive, y = 3<ks, y =Vs.f,and y = 3> ks with s € £}, or k > n. Because of § C E[c] C D
we can construct a model with an object a contained in the extension of ¢, but not in the
extension of y. For example, if y = 35k r with & > n then a with exactly n role fillers would
be in the extension of ¢, but not in the extension of y which requires for all objects to have
at least n + 1 role fillers for 7.

If y is a concept conjunction then y not returned by the generation steps could be a predecessor
if its actual number restriction is smaller than k. In the two languages under consideration,
this cannot happen. If y inherits or contains a y; = d>m s with m < k then the actual
number restriction on s is maxz(m,k), i. e. no decrease occurs. If y inherits or contains a
y; = d<m s with m < k then y becomes unsatisfiable and is not a predecessor of ¢ because ¢
is satisfiable.

6. c=dcnr

Independent of n, the following y are not returned by the classifier: y = 1, y = a with «
primitive, y = I<ks with s ¢ {1, or k < n, and y = 3>k s. Because of ) C £[¢] C D we can
construct a model with an object a contained in the extension of ¢, but not in the extension
of y for all the syntactical cases (except y = 1) and completeness follows. If y = L then
Ely] = 0 and &[c] € E]y] follows because of E[c] D 0.

If n = 0 the classifier does not return y =V s.f with s ¢ {1,. With the induction hypothesis,
we know that £[s] € £[r] and a model can be constructed in which some role fillers for s for
an object «a exist.

If n > 1 no value restrictions y = V s.f are returned and we can construct a model with an
object a € &[c], but a ¢ E[y], e. g. where at least one of a’s role fillers is not in E[f].
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7. ¢ = TMe;

A concept y is not returned as a predecessor of a conjunctive ¢ if
1. y is a spezialization not reachable following > links
2. there is no ¢; such that y is a predecessor of it

3. y does not satisfy the covering condition

Completeness for the first case has already been proven. For the second case, we know
Ve, : Ele;] € E[y] and thus it follows N;E[¢;] € E[y] and therefore E[c] € E[y].

For the third case, completeness follows from Jy; : E[c] € E[y;] = Elc] € NiElyi] = Ele] €
E[y]. Since the classifier is testing E[¢;] € E[y;] for all ¢; we have to make sure that the tests
performed are sufficient to generate all predecessors if interactions among value or number
restrictions in a concept conjunction occur:

e c=Vrdnd
The extension of the actual value restriction of r can be smaller than £[d] because
E[te] C &[d] in both languages under consideration. Completeness would be affected
when testing 8, € (|4, because if £[d] € £[3,] it is still possible that E[7;] C £[3,].
Using the actual value restriction is therefore necessary and achieves completeness.

e c=3snrnd
Additional concepts could become predecessors if the actual number restriction on r
would be greater than n. If ¢’ contains or inherits 35 m r the actual number restriction
on r is indeed maz(m,n), i. e. an increase occurs. But these predecessors are generated
when £, is computed and they are returned in the final set of predecessors £|. when
satisfying the covering condition.

Other possibilities of an increase cannot occur in the languages under consideration.

e c=3cenrnd
If the actual number restriction on r is smaller than n, completeness would be affected.
In the two languages under consideration this can only happen if ¢/ contains or inherits
Jd<mr with m < n, since a decrease occurs with min(m,n). But again these prede-
cessors are generated when f| is computed and they are returned in the final set of
predecessors £|. when satisfying the covering condition.

Completeness for the special case that ¢ is tautological or unsatisfiable follows from com-

pleteness of TAUT and USAT.

8. c S Hici

If ¢ is a specialization then the classifier returns all predecessors of the corresponding defined
concept ¢ = M;¢;. This set would be incomplete if there are predecessors of a specialization
that are not predecessors of the defined concept. To see that this is impossible let us consider
the normal-form representation of ¢ with ¢ = MM;¢; M ¢. The concept ¢ cannot have any
predecessors except of T because it remains completely undefined in 7 and a concept y can
only be a predecessor of ¢ unless ¢ is contained in the definition of y or inherited by y. But
then ¢ must already have been defined in 7, i. e. the terminology would violate the uniqueness
assumption and also contain terminological cycles, which we do not admit.
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With that completeness of £, has been proven. Finally we have to show that the reduction
operation from Definition 23 on £|. only removes non-immediate predecessors. All concepts
in £, satisfy £[c] C E[y]. To obtain PREC, concepts = with E[z] # E[y] and E[y] C &[z]
are removed. Thus £[y] C £[z] follows and therefore 2 cannot be an immediate predecessor
according to Definition 14.
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