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Abstract
We study the following problem: given x € IR" either find a short integer relation
m € 2", so that < &, m >= 0 holds for the inner product < ., . >, or prove that

no short integer relation exists for x. Hastad, Just, Lagarias and Schnorr (1989) give
a polynomial time algorithm for this problem.

We present a stable variation of the HJLS—algorithm that preserves lower bounds
on A(z) for infinitesimal changes of z. Given # € R" and a € IN this algorithm finds
a nearby point " and a short integer relation m for z’. The nearby point z’ is ’good’
in the sense that no very short relation exists for points T within half the 2’~distance
from x. On the other hand if 2’ = x then m is, up to a factor 2*/2, a shortest integer
relation for z.

Our algorithm uses, for arbitrary real input z, at most O(n*(n + log «)) many
arithmetical operations on real numbers. If x is rational the algorithm operates on
integers having at most O(n® + rn*(log a)? + log(||gz||*)) many bits where ¢ is the
common denominator for x.
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1 Introduction

Given a real vector z € IR™ an integer relation for x is a non—zero vector m € Z™ with
zero inner product < m,z >= 0. This paper studies the following computational problem:
given z € R”™ find a nearby point z’ to z and a short integer relation m for z’ so that
there is no much closer point 7 to z having a very short integer relation. Let A(z) denote
the length < m,m >'/? of the shortest integer relation m for z. Given z € R" and o € N
our algorithm finds 2’ € R™, m € Z"™ \ 0 satisfying

o [[m | <200 0] o a’ > = 0
® A(T) > § holds for all 7 € R™ with ||z — T || < || 2 — 2 ||/2
o if z =2’ then || m || < 2*/2X\(z) .

The nearby point 2’ € IR™ has a ’short’ integer relation m, ||m| < 20(**(1°82)*) The
nearby point is 'good’ in the sense that there is no # € IR™, within half the z'—distance
from z, having an integer relation of length at most a/2. On the other hand if 2’ = =
then m is, up to a factor 2*/2, a shortest integer relation for .

For real input z the algorithm uses at most O(n*(n+log o)) many arithmetic operations
on real numbers using exact arithmetic. If the input z is rational, = (p1,...,p.)/q with
integers p1,...,Pn,q, then the arithmetic operations are on integers. The bit length of
these integers is bounded polynomially in n + log a + log(||¢gz||*) . For non-rational z the
solution ' € R”™ may be non-rational as well. The solution (2, m) holds for all T
satisfying ||z — 7 || < || # — 2’ ||/2. Without this stability property the problem is easy
to solve. A short integer relation for a close approximation z’ to x can be found by the
L3-algorithm for lattice basis reduction. If z is rational and A\(z) < 20(»*(log2)*) it suffices
to construct by L3-reduction a short integer relation for . The problem is difficult if
Alz) > 20(n*(log2)*) o1 if & is non-rational. The first polynomial time algorithm, which
for arbitrary real = produces a ’good’ lower bound for A(z) has been designed by Hastad,
Just, Lagarias and Schnorr [HJLS89]. For given z , o the HJLS—algorithm either finds an
integer relation m for  with || m || < 2*/2a or it proves that A(z) > a.

The instability of the HJLS—algorithm is due to the goal of approximating A(z) which is
a discontinuous function in z. To obtain a stable algorithm we changed the objectives of the
algorithm somewhat. The new algorithm computes a point 2’ near to x and establishes the
lower bound A(Z) > «/2 for all T satisfying ||z — T || < || « — 2’ ||/2. The new algorithm
is a variant of the HJLS—algorithm, which in turn is a variation of both the L3-algorithm
of Lenstra, Lenstra and Lovasz [LLL82] and the generalized continued fraction algorithm
presented by Bergman [B80] in his notes on Ferguson and Forcade’s generalized Euclidean
algorithm.

2 Notation and Definitions

Let IR™ be the n—dimensional real vector space with the ordinary inner product < ., . >
and Euclidean length ||y|| :=< v,y >1/2 A discrete additive subgroup L C IR™ is called a
lattice. Every lattice is generated by some set of linear independent vectors by,...,b,, € L
that is called a basisof L, L = {37, t;b; : t; € Z,1 < j<m}.Welet L(by,...,bm)
denote the lattice generated by the basis by, ..., b, .

A non—zero vector m € Z" is called an integer relation for x € R™ if < z,m >= 0.
We let A(z) denote the length ||m|| :=< m,m >/2 of the shortest integer relation m for
z, AM(z) = oo if no relation exists.



Throughout the paper we let by,...,b, be an ordered basis of the integer lattice Z"
and let by := = be a non—zero vector in IR"™. We associate with this basis the orthogonal
projections

Tiz ¢ R® — span(z,bq,,...,, bii1)* and

mi ¢ R™ — span(b, ,...,,bi_1)*" fori=1,...,n,
where span(b;,...,,b;_1) denotes the linear space generated by b;,...,b;—1 and
span(b;, .. .,b;_1)*1 its orthogonal complement in IR™. We abbreviate biz == mio(bs),
b; :== m;(b;) and z; := m;(z). The vectors by z,...,b, 5 (resp. by,...,b,) are pairwise

orthogonal. = They are called the Gram-Schmidl orthogonalization of z,by,...,0,
(resp. by,...,by,). The Gram-Schmidt coefficients for by = x,by,...,b, are defined as

< by by > .
Phj = S ke 7 for1<k,j<mn,
116;.2(12

where we set pp ; = 0 if Zm, = 0. We have
k o~
Wi,z(bk) = Zukvjijﬂf forl1<i1<k<mn.
=i

We call the (ordered) system of vectors by := z,by,...,b, size-reduced if
|,u;w~|§% holdsfor 1 < j<k<n
and L3-reduced if it is size-reduced and the inequality
3 Im—t1,0(bk—1)||? < ||Th—1,2(bk)||* holds for k =2,...,n.
The latter inequality is equivalent to

ko1l < Wbkl + ik g ool

We let [.] denote the nearest integer function to a real number 7, [r| =[r 4 0.5] .
Let [by,...,b,] denote the matrix with column vectors by, ..., b,.

3 The method of the HJLS—algorithm
The HJLS-algorithm relies on Proposition 3.1 of [HJLS89] which states that

Az) 2 1/ max (] 1)
holds for every basis by,...,b, of the lattice ZZ". This inequality already appears in
somewhat weaker form in [FF79].

Initially the vector = bg is extended to the linear dependent system {bg, by,...,b,} =
{z,e1,...,e,}, where e1,..., €, are the unit-vectors in IR".

The algorithm transforms the basis by,...,b, by exchange and size-reduction steps
intending to minimize max;—; . . ||gwc|| . For this the HJLS-algorithm uses the Bergman
exchange rule which swaps b;_1, b; for an ¢ that maximizes ||3wc||22Z The algorithm
terminates if max;—1, ||ZW|| < a~!. There is one possible way that the HJLS-algorithm



fails to achieve max;=1,._, ||bi z|| < @=!. This is if an exchange b,,_1 < b,, results in a zero—

vector Zn_lw. In this case the new basis by,...,b, yields an integer relation a,, which is
the last vector of the basis aq,...,a, that is dual to by,...,b,, 1. e.

[bl, .. .,bn]_l = [al, .. .,an]T .
This relation a,, is sufficiently short, we have ||a,|| < 2*/? .

Stability analysis. In Lemma 9 we show the inequalities

~ = ~ 2|1z, — @i
b:..— b=l < b: L
T U max{||z; T;
Poie =bizll < Mol el [Fma D
~ 2le — T .
< ||bi,z||w fori=1,....,n-1; (2)
n

where Z; = m;(2) and Z; = 7;(7) . From this and (1) we see that

AT) > af2 (3)

holds provided that the inequalities (4) and (5) are satisfied:
le =zl < [lzall/2 (4)
|bizll < 2a7t fori=1,...,n (5)

This is because inequalities (2), (4) and (5) imply
18i0 = bizll < [|biz]

and thus 0 < |[bizl| < 2a7? fori=1,...,n.

We modify the HJILS-algorithm so that the basis and its dual satisfy throughout the
algorithm the inequalities

lagll, flox]] < 200 Fn*los)?) fork=1,...,n, (6)

see Proposition 2. These inequalities hold for arbitrary real input z.

To obtain (6) we have to perform some size-reduction steps but we cannot afford a com-
plete size-reduction as in the L3—algorithm. We only reduce by versus b; if ||ZN,|| >ah
In this case Lemma 6 shows that the reduction coefficient uy ; is at most

~

| < 7ja(br),bjz > |

11652112 -

bkl = 2"/*ay/n

and thus the resulting redugtion br——>br — [pr,;|b; does not generate a very large vector
by . Large values pg ; with ||b; || < ™' will be oppressed in the further reduction process.
The stable integer relation algorithm does not use Bergman’s exchange rule, it uses the
exchange rule of the L3-algorithm. The L3-exchange rule may be inefficient in case of
extremely small orthogonalization vectors Zj’z. We overcome this inefficiency by collecting
the vectors b; with ||g]7$|| < a~!in the initial segment of the basis. For this we use an
index s which, throughout the algorithm, satisfies

||Z]7$|| < at forj=1,...,s—1.

The vectors b; with j < s will be excluded from all further exchange and reduction steps.



4 STABLE INTEGER RELATION ALGORITHM

Input e R", 2 #0,a € IN.

1. FOR ¢:=1TO » DO
a; = b; := ¢; the i-—th unit—vector

si=k:=1;bg:=x; cg:=<uz,x>; * k is the stage *

2. WHILE s < n DO

* upon entry of the loop we always have ¢; = ||Z]7$||2 >0forj=1,...,k—1,
s<k, c¢,...,co1<a”? Teo(bs)y .., Te,z(bro1) is L?—reduced. *

cp =< by, by > ;
IF £ =1 THEN k:IQ; CQI<b2,b2>

2.1 FOR j=0TO k£-1DO
Jkg o= (< be by > = Y000 pripjaci)/ei s cn =k — pd ¢
IF (¢, =0AND k <n ) THEN Output z’':=2, a,; STOP

2.2 IF (¢, <a? AND k=s ) THEN k:=s:=s+1; GOTO 2

2.3 FOR j=k—-1DOWNTO s DO
br := by — [pr,;|b; 3 aj := a; + [pk,j]ax ; update pg; for e =0,...,7

2.4 IF %ck_l > ¢+ Nz,k—l Ch_1
THEN swap bg_1,b; ; swap ag_1,ar; k:=k—1
ELSE k:=k+1
END-WHILE

3. compute the orthogonal projection z, = m,(z) € span(by,...,b,_1)" of z ;

Output 2’/ =z -7,,a,.

Comments: 1. Upon entry of stage & we compute the Gram—Schmidt coefficients puy ; ,
j=0,...,k—1 and the height square c; = ||Z;w||2 This computation uses the actual
basis vectors by,...,by_1 and the previously computed entities p;; for 0 <i:<j <k -1
and cg,...,CL_1.

2. The equality [by,...,b,]"" = [a1,...,a,]" does always hold, i. e. the basis aj, ..., a,
is the dual of the basis by,...,b,. Therefore a reduction step by«—by — [k ;]b; implies
the transformation aj«—a; + [pk ;] ax in step 2.3.

3. The value max;<;<, ¢; does never increase. Initially this maximum is at most 1.

Lemma 1. Upon entry of the WHILE-loop in step 2 we always have
Locj = |[Biall* >0 forj=1,.... k=1,

2.¢1,...,05 <a™?,

3. 7[-5,7:([)5)7 sy ﬂ-s,aj(bk—l) 1S LS*TEduced.

Proof. The claims are shown by induction on the number of passes of the WHILE-loop.
(1) The termination condition in step 2.1 implies that ¢; > 0 holds for j =1,...,k— 1.
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(2) is an immediate consequence of the actualization of s in step 2.2. (3) holds because the

previous steps 2.3 and 2.4 of stage k — 1 finish the L?-reduction of 75 ;(bs),. .., Ts(br—1) .
O

5 Analysis and Correctness

We first prove an upper bound on the length of the vectors in the bases by,...,b, and
its dual aq,...,a, which holds throughout the algorithm. This bound holds no matter
whether the input = is rational or irrational. The result is based on the restricted size-
reduction of step 2.3. It becomes wrong if we change the algorithm to either perform full
size-reduction or to perform no size-reduction at all.

Proposition 2. Lel the input x be an arbitrary real vector. Throughout the algorz'thm
the basis by,...,b, and ils dual ay, ..., a, salisfy |jag|| , ||be]] < 200 +7°(og)®)  fop

k=1,...,n

Thus the bit length of the coordinates of b and @ is at most
O(n* + n?(log @)?) . From this we obtain, for rational inputs z, a polynomial bound for
the bit length of the integers occuring in the algorithm. As a consequence the algorithm
has polynomial bit complexity for rational inputs z.

Theorem 3. Let the input = be rational with x =(p1,...,pn)/q and p1,...,pn,q€ 2.
Then the algorithm performs at most O(n*(n + log a)) arithmetical operations using inte-
gers with at most O(n® + n3(log a)? + log(||qz||*)) bits.

Proof sketch. The number of arithmetic operations of the algorithm is about n times
that of the HJLS-algorithm, see Theorem 3.2 of [HJLS89]. The additional factor n is
for the size-reduction in step 2.3. Let the rational input be z = by = (p1,...,pn)/q with
PlyeeesPn,q € Z . Then a common denominator for the coordinates of the rational vector
Zi,z is the integer

q2 det(< b]',bl >)0§j,l§i .

We see from Proposition 2 and the Hadamard inequality that this integer is in absolute
value at most ||gz||2 20 i+n*illog2)*) It follows that all integers occuring in the algorithm
are at most ||gz|[? 2007 +7° (082)*) iy absolute value. 0

To prove Proposition 2 we analyse the effect of the size-reduction. All changes of the
basis vectors are by the size-reduction in step 2.3. For an arbitrary pass of loop 2.3 let
bg), ,uggl)i denote the vector by and the Gram-Schmidt coefficient py; after performing [

(0) (k—s)

iterations of this loop with [ values j. So b, is by before entering the loop, and b,
the vector by upon termination of the loop.

is

Lemma 4. We have fori =k—-1—-1,...,s

{ 0
il < N+ - UG+ _max 1))

gouoy

Proof. We prove by induction on [ the inequality

! 0
kD)< 41 Z% G4l ) fori=1,.. k-s.



Since by_; is size-reduced we have

|'“§cl,)i| = |:“§cl;1)— [H(l;i)lJ,uk—l,il
< il Y SGH ID

which proves the claim for [ = 1. The induction hypothesis for = 1 applied to the latter
inequality yields

Ol < e+ IZ DG+ i)
i=
+ 303 +|HM |+ 22% % ‘|‘|H§£1)c—l+j|))
i
< )| + 3 Z (L + |M§£1)c_z+j|)) |Hkk !
< Jul+ QZ% (5 + ko))
Finally the claim follows from evaluating the geometrical sum. O

Corollary 5. For every pass of step 2.3 we have

10 < e + Z BN G+ max 1))
Proof. For the whole size-reduction loop with respect to bx_1,...,bs Lemma 4 yields
= = 3 O < e+ Z 6] )
< o+ Z BN T+ (D =1 G+ max )]

IN

3 k—1—i (0)
S ||+Z||b N+ max W) o

Lemma 6. Upon entry of step 2.3 we have that |puy;| < 242" 1a/n fors <i<k—1.

Proof. case 1: b, has not been reduced before.
Then by = e and w5,(bs), ..., Ts(bg—1) is L3-reduced. Using the properties of L~
reduced bases [LLL82] we see that

| < Tiwlbi),biw > | < Mmia(oll o 1[0]]
T [ T O
= [Bigll™ < 2 (fbsel Tt < 2T e

|1kl

CASE 2: by has been reduced in a previous pass of step 2.3.
Let by be the old vector b, after its last reduction on stage &’ and before its transfer, via
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exchange steps, from position k& to position k’. Let s’ be the value of s at stage k. We
have from ||b; ;|| <1 for j =1,...,n that

| 5 g%forjzslgs,...,k"—l and

R k-1 R 043
Imoa ol = Mool + 3 whogllbial? < “F2 0 fori=s k.
=t
Finally we see from 2¢~* ||ng||2 > ||357I||2 > o that for s <7 <k
1,z b i=s— —
k| < W <255 avn+3 < 2%y O
Corollary 7. The mazimum B = maxi<i<n ||b§f)|| salisfies
B(k—s) < B( )( )n 12n/2a\/_
Proof. After the size-reduction of by with respect toby_1,...,bs; we have from Corollary 5
k—s 0 — 3 k—l—z
B < O 3G max )
0 3\k—s
< BORET DG+ nax i)
(by Lemma 6) < BO(2(2)F* — 1)} + 27/ lay/n)
S B(O)(%)k’—IQTL/Qa\/E . O

Proof of Proposition 2. The number of passes of step 2.3 is at most "n + the number
of swaps in step 2.4”. Hastad, Just, Lagarias and Schnorr show that the number of swaps
is at most (3)((logy/32)n 4 2log, @) . This is because every swap of by_1, by in step 2.4
decreases the product

[T (max{|[bi] 22", a=?})"

by at least a factor . Initially this product is at most 2" /2 and upon termination it is at

’I’L

least a="" . Thus the number of passes of step 2.3 is at most (})((logy/32)n + 2log, @) + n.
Let Bierm , Binit denote the maximum FEuclidean length of the terminal, respectively
initial, basis vectors. We have Bj,;; = maxj<i<y ||ex|| = 1, and thus Corollary 7 yields

Bierm < [( )n 1271/20[\/_]( ) (logy 3 2)nt2log; a)+n  _ 20(n4+n2(loga)2) ]
The claim on the vectors ap of the dual basis holds by symmetry. O

Lemma 8. For z, T € R"™ lel m7,, 7wz denole the orthogonal projection into
span(z)t, span(T)t respectively. Then we have for all b € R™

by ey < 2Dblz=7
R = N

Proof. Following Clarkson, [Cla92] Lemma 3.2, we have

<bo>_<bas| _ [Hlll—7l -

[Els [ A T
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This and the Cauchy—Schwarz inequality imply
‘b_<b,x> —(b—<b T>_ H

_ H<bx>_ <bax>_, <bax>_ <bua>

—_ + —_ T
Iz]” Es Es IR
l<b > <ba>| I<ba>]|

< b) —_ ) —
R P A
B e L Helly = oy = o (8l ]= =]
N ol kel [ ]]

proves the claim. |

Lemma 9. Forz, T € R" we have

||bm—bm|| < 2||bm|| = - =] fori=1,...,n—1.

(|
Proof. We apply Lemma 8 with b = gi, © = ;, T = ;. Using ﬂf(gz) zgm, and
T (b;) = b;z 7 this yields

2|z — 7| 2|z — 7|

-
= [[bizl]

max{|| ]|, 12|} max{|[Zipa]], [T |}

The last equality follows from ||| [|biz|| =| det(ms(2), i(b;))| = ||bl| ||Ziz1]| . Using
1Ze|| < |Zit1ll 5 ||Z: — 7| = ||mi(z = T)|| < ||e — || for i = 1,...,n — 1 we see that

Ibi.c = bizll < [lbl

|I$ z|

Theorem 10. For arbitrary input x € Q™ , a € IN lhe Stable Integer Relalion Algorithm
produces ' € Q™ , m € 2"\ 0 such that
Lo |[m]|| < 200 0ese)®) oy ol > = 0,
where m = +by||bn|| 2 holds for the terminal vector by, of the algorithm.
2. M(T) > § holds for allT € R™ with ||z -7 || < ||z —a'||/2
3. ifz=a' then || m| < 2"\ (x) .

Proof. 3. If 2/ = z then gn@ # 0 and thus m = a, is an integer relation for z by
Proposition 3.1 of [HJLS89]. The same proposition shows that the length of a,, is at most
27/2=1 min{\(z),a}.

1. The inequality || m || < 20("(eg=)?) follows from Proposition 2. If  # 2’ we have
z' € span(by,...,b,_1) and thus b, o = b, # 0 which implies < a,,2’ >= 0. The equal-
ity a, = :EgngnH 2 follows from < a,,z’ >= 0 =< obin,z’ >, see Proposition 3.1 of
[HJLSS9].

2. For every 7 satisfying ||Z7 — z|| < [|Z,,||/2 Lemma 9 implies ||ZW — ZZ@H < ||Zw|| and thus

6:z]] > 0 and 6:z]] < 2a7? fori=1,...,n—-1.

From inequality 1 we see that A(Z) > § holds for all 7 € R" with ||z — Z|| < ||z — 2'[| /2.
O



6 Closeness of the approximation

We prove an upper and an lower bound on the distance ||z — 2’| of the input vector z
from the output vector 2’. We comment on diophantine approximation.

Proposition 11. For arbitrary real input x € R™ and output (', m) we have
|z =2l < |zl a'=" / [Jm]].

Proof. Let by,...,b, be the terminal basis and aq,...,a, its dual, m :=a,,. We can
assume that o # 2’ since otherwise the claim is trivial. If  # 2’ the vectors z, by, ..., 0,1
form the basis of a lattice L = L(x,bq,...,b,—1). Its determinant det(L) is the volume
of the parallelepiped generated by the basis. We can compute det(L) as the product of
the lengths of the Gram—Schmidt orthogonalization vectors. Applying this to the bases
x,b1,...,b,_1 and by, ...,b,_1,z we see that

n—1 n—1
det(L(a,br,- . yba1) = llall T Ml = (H ||bj||) Izl
7=1 7=1
Throughout the algorithm the basis by, ..., b, generates the lattice ZZ" and thus
det(L(by,...,b,)) = H [[b;]] = 1.
7=1

These equations imply [[b |~ = T2 1] = [Tt [Bsell (2]l /1120 - From this and

l|ax| :Hgn,w’H_l = ||5n||_1 we see that

-1
=]l

le =2l = [1Z.]] = IT1bjell < llzll o™= [lan]I 7" ,
Jaul] LL
where we use that  |[b; .|| <a™' forj=1,...,n—1. O

Proposition 11 raises the question whether the distance ||z — /|| is for random z on
the average proportional to ||z|| =" /||m||. This point requires further study.

Proposition 12. Let the input z be rational, = (p1,...,pn)/q with p1,...,pn,q € 2,
and 3’ # x . Then we have ||z —a'|| > ¢! 2-0(n*+n? (loga)?)

Proof. Since the vector a, = £b,|[b,||"2 is integer we see that

~ ~

bn br

(2 =) Bl = < 2, -
Ballz Tl

is a rational vector with denominator ¢. Thus Proposition 2 implies

le = all = ¢t [[bal| 7 2 g7t27OUECsY D

Remarks. 1. B. JusT [Ju92] analyzes diophantine approximations obtained by a
variant of the HJLS—algorithm on inputs of the special form z = (z1,...,2,-1,1) € R™.
Her algorithm is the HJLS-algorithm with full reduction in size so that, before swapping



br_1, by, size-reduction is performed on the vector by with respect to by_1,...,b1. Formula
(17), [Ju92] shows that the final basis b1,...,b, ( and every basis in the algorithm that

precedes a swap of the last two vectors b, b,_1) satisfies with by = (p1,...,Pn-1,9)
P 7T
— = < ||k
y o= L < fbaell el /ldl (8)

Moreover Theorem 7, [Ju92] bounds the error of the diophantine approximation as
pi 204D/ |2

|2 g = gt/ (9)

max
1<e<n—1

This algorithmic result must be compared with the existential bound of HERMITE, where
the right hand side of inequality (9) is ||z||/|¢|'T"/(*~1). Lacarias has shown that dio-
phantine approximations can be constructed by the L®-algorithm for lattice basis reduc-
tion so that the right hand side in (9) is 2°/2n/|¢|*t*/(»=1) [La83]. However this result
does not use a continued fraction type algorithm.
2. The analysis of Just does not apply directly to our polynomial time algorithm, and the
Just algorithm is not polynomial time. However the Just analysis is valid if we change our
algorithm to perform a full size-reduction in step 2.3 so that the vector by gets reduced
with respect to by_1,...,b1. Then the inequalities (8) and (9) hold for every basis occuring
in our algorithm immediately before a swap of the last two vectors b,,_1,b,. In particular
these inequalities hold for the final basis of our algorithm, no matter whether z = 2’ or
not.

If step 2.3 of our algorithm is changed to perform a full size-reduction then Theorem
10 remains valid, in particular the upper bound on the length of a,, = m holds true. This
is because the inequalities

||ai|| < 20(n4+n2(loga)2) fori=s,...,n. (10)

of Proposition 2 still hold throughout the algorithm. The reason is that the vectors a;, b;
with j < s cannot be exchanged with vectors a;, b;, ¢ > s, nor can a; be added to a;
during the reduction in size. Thus the vectors a; with j < s do not influence the vectors
a; with ¢« > s in step 2.3 at a later stage. On the other hand the coefficients pj ; with
7 < s and the vectors by,...,b,,, a1,...,a5_1 may become very large if z is irrational. This
point requires further study.

Our algorithm with full size-reduction in step 2.3 distinguishes from the algorithm in

[Ju92] only in that we use the Lovasz exchange rule whereas Bergman’s exchange rule is
used in [Ju92] and in the HJLS—-algorithm.
3. It may be of interest to note that clauses (2), (3) of Theorem 10 also remain valid
if we change step 2.3 to perform a size-reduction restricted to j = k — 1 so that by gets
merely reduced with respect to by_; before swapping by and by_1 . Also clauses (2), (3)
of Theorem 10 remain valid if we replace in our algorithm the Lovdsz exchange rule by the
Bergman exchange rule which is used in the HJLS-algorithm. This means that clauses
(2), (3) also hold for the HJLS—algorithm provided that the corresponding output (z', m)
is added to this algorithm in case that z’ # = .
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