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Abstract

It is awell knownfactthatthe generalized/andermondeeterminantanbe expresseds
the productof the standardvandermondeleterminantinda polynomialwith nonnegative
integercoef®cientsIn this paperwe generalizehis resultto Vandermondeleterminants
over the Chebyshebasis.We apply this resultto provethat the numberof real rootsin

of a real polynomialis boundedby the numberof its honvanishingcoef®cients
(sparsity)whenrepresentedver the Chebyshewbasis.This boundon the numberof real
rootsis usedo prove®nitenessf theVapnik-Chervonenkidimension(andtherebyuniform
learnability)of the classof polynomialsof boundedsparsityoverthe Chebyshewasis.
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1 Intr oduction

More than a century ago, Michell [6] provedthe striking result that the determinantof the generalized
Vandermondenatrix overthe standardpowerbasis canberepresentedsthe productof
the standardvandermondeleterminananda polynomialwith nonnegativentegercoef®cients.

One of the mostimportantconsequencesf Michell's resultis the nonsingularityof the generalizedvan-
dermondeamatrix whenthe indeterminatesake on positiveanddistinct values.This in turn is equivalentto

the fact thatthe numberof positivereal rootsof a polynomialoverthe realnumberss strictly lessthanits

sparsity(the numberof nonvanishingnonomials)with respectto . This resultalsofollows immediately
from DescartesRule of Signs.

Theseresultsprovidemajortoolsfor therecentdevelopmenti theareaof interpolation1] andlearnability
[4] of sparsepolynomialsoverthereals Numerougyeneralizationsf this settingareproposedn theliterature
andhaveattractedalot of attention Onenaturalquestiorconcernghecommonpropertief realpolynomials
which havea sparsaepresentatioin baseof otherthanthe standarcpowerbasis .

In this paperwe study real polynomialsthat admit sparserepresentationgn the Chebyshewbasis

where is the -th Chebyshepolynomialof the ®rstkind. The main resultof the
paperstatesthe analogyof Michell's theoremfor the Chebyshewcase.An immediateconsequencef this
resultis the nonsingularityof Vandermondenatricesover providedthatthe indeterminatesake distinct
valuesfrom either or

As anapplicationwe answerthe questionposedby LakshmarandSaunder$5] abouttherelationshipof the
numberof realrootsof a polynomialandits sparsitywith respecto the Chebyshewasis.In fact,thenumber
of realzerosof a polynomial,eitherto theleft or to theright of theinterval of orthogonality doesnot exceed
its sparsitywith respecto

The bound on the numberof real roots is usedto prove tight lower and upper boundson the Vapnik-
Chervonenkislimensionof the classof polynomialsof boundedsparsityoverthe Chebyshewasis.Surpris-
ingly, theseboundscoincidewith theboundsgivenin [4] for the standargowerbasis.

2 Preliminaries and Notation

A polynomialsetis a sequence in which for all . Every polynomial
set represents basisfor the polynomialring . Henceevery polynomial canuniquely be
represente@sa ®nitelinear combinationover |, i.e. with and . This

representations calledthe -representatioof . As usual,we saythat is -sparsewith respecto if at
most of thecoef®cientof the -representationf arenon-zeroThenotationgeneralizen theusualway
to multivariatepolynomials.

The Chebyshepolynomialsarea specialcaseof orthogonalpolynomials,distinguisheday their particular
simplicity. The -th Chebyshepolynomialof the ®rstkind is de®nedy

The Chebysheypolynomialsadmitavery simplethreetermrecursionformula:
for

In thefollowing we will frequentlyusethefactthat

thereforewe de®ne , for simplicity of notation.It is awell knownfactthat



Ontheotherhandthe -representationf powersof is givenby

if even
1)
if odd,

where denotesa sumwith the ®rstterm halved.For the generaltheory of orthogonalpolynomialsthe
readeris referredto Szedt's classicakextbook[7].

Let bea polynomialsetanda a vector of distinct nonnegativentegers.The general-
ized Vandermondealeterminant 4 over is de®nedasthe determinaniof the generalized
Vandermondenatrix

wherethe areindeterminatedNote thatthe numberof indeterminatesf ;s givenby thelengthof a.

Let _ denotethevector .Then _isthe(standard)}andermondeeterminanbver

Let a . We say that a is increasingif . If a consistsof distinct
entriesthereexistsa permutation suchthat a is increasingandwe de®ne
sgha sgn .Letb with .Thena b denoteghe

vector . Any increasinga canbewritten

uniquelyasa b for someincreasingo with . We call the entriesof

b thegapsin a.

3 GeneralizedVandermondeDeterminant

Let beapolynomialsetanda . Notethatthe Vandermondeleterminant  ; over vanishesvhen
for some .Since _ viewedasapolynomialin  is of degree andits zerosare

for thereexistsa constant dependingnlyon and suchthat

. (2)
Hence, ,isdivisibleby inthepolynomialring andwe write

a a  _ 3)

Notethat 5 sgn a for any permutation sincea transpo-
sitionin  correspondso interchangingwo rows in the Vandermondenatrix. Hence, 5 is a symmetric
polynomialin . Likewise, 5 sgn a andtherefore 5, sgn a forany
permutation

Usingour notationwe restateMichell's theorem:

Theorem1 Let . For any and any increasinga the coef®cientsof the
-representationf  , arenonnegativentegers.

In this sectionwe extendMichell's resultto the Chebyshebasis.



Theorem2 Let denoteheChebyshewasisForany andanyincreasinga thecoef®cientof
the -representatioof ,arenonnegativentegers.

Evansandlsaacq3] give a very elegantandsimple proof of Theoreml. Their proofis by inductionon the
numberof indeterminatedhowevertheproofreliesonthehomogeneityof ..

Itiseasytoseethat 4 is nothomogeneouim generalsowe cannotusetheirideasin theChebyshesetting.
Insteadwe will useaninductiononthe numberof gapsin theindexvectora. This approachs usedin [11]

to studythecoef®cientof the -representationf . It turnsoutthatthesetechniqueswhich only usethe
symmetryof 5, canbetransferredo the Chebyshebasis.However the proof of Theorem?2 involvesa
lot of technicaldetails.Thereforewe sketchthealternativeproof of Theoreml to providea guidelinefor the
morecomplicatecbroof of Theorem?.

3.1 Vandermondedeterminantsover the power basis

In this sectionwe give a proof of Theoreml which, in contrasto the proof givenby Evansandlsaacsdoes
notdependnthehomogeneityf ..

Since 4 isasymmetricpolynomialit canbewritten asa polynomialof the elementarysymmetricpolyno-

mials. Let denotethe -th elementarysymmetricpolynomialin theindeterminates
,i.e.

if

if , 4
for .Notethat for or andthat

®)

Foranincreasing/ectora wewill denotehenumbernfgapsnaby ,i.e.a b
for someb . Theproofof Theoreml is by inductionon .
Let .Thena _ andthestatemenof Theoreml is trivial since
Now, assumehat . Thena hasexactlyonegapanda for some . Notethatby
expandinghelastrow of the standard/andermondenatrixin indeterminatesye have

andontheotherhandby (5),

Comparingthe coef®cientsof yields

(6)

Hence, andthe statemenbf Theoreml follows immediatelyfrom the de®nition(4) of
the elementarysymmetricpolynomials.



Let us now considerarbitrary . Thena b for someincreasingb It
turnsoutthatfor anyincreasingd ,

p det : : @)

Notethat (6) is a specialcaseof (7). In orderto prove(7) (andthe nonnegativityof the coef®cientsof the

-representationf pb) We studythe determinanbf matricesthatareslightly moregeneralthanthe
matrixgivenin (7).
Forvectorsb k with b andk let , b bede®nedy
« b det : (8)
Usingthisnotationwe mayrewrite(7)as b _.Notethat | b vanishesvhenk (or
b) doesnotconsistof distinctentries By expanding b accordingo (4) it is straightforwardo prove
thatfor andb k ,
k b a b 9)
9
where , denoteghe setof vectorsq with distinct entriesderivedfrom k by ®xing entriesof k

while increasingheother entriesby 1. Notethatfor increasing thevectorsfrom | areincreasingas

well. Hence by (9) andinductionon , the coef®cientf the -representationf , b arenonnegative
integersfor increasingy andk.

Letusnowturnto theproofof (7). Forthispurposewenotethat  consistof thesingleelement
In consequencef (9) we obtain

b b (10)

By inductionon we mayassumehat(7) holdsfor anyincreasingvectorb and . Notethatthe
inductionbasisis givenby (6). Usingthe Laplaceexpansionwe have

b sgn b (11)

Applying theinductionhypothesisandusing(10) yields
b b



. (12)

Notethatwe usethefactthat for or . Equatingthe coef®cientof in (11)and(12)
yields

sgn b _ (13)

Let beanarbitraryincreasingrector Notethatsgn . Then(13)
yields

which establishe$7). Hence,
b
b

andTheoreml follows from thefactthatthe coef®cientof the -representatioof , b arenonnegative
integersfor increasing andk.

3.2 Vandermondedeterminants over the Chebyshevbasis

In this sectionwe give theproof of Theoren2.

Let us®rstcomputethe constant in (2). Since for , we have
and . Hence, and
Notethat
_ _ (14)

Therefore,the coef®cientsof the -representatiorof the polynomial with
indeterminates play animportantrole. Analogousto the caseof the standarcpowerbasis we
call thesecoef®cientdhe elementarysymmetricpolynomialsover andde®ne by

if

it (15)
for . Notethat for and
Lemma 3 Let . Then
PROOF Thecase is trivial. Let . Then,by induction,



By Lemma3 and(14) we have

- _ (16)
andexpansioraccordingo thelastrow of the standard/andermondenatrix yields

L L (17)
Comparisorof the coef®cientof in (16)and(17) establishes
Lemma4 Let . Then

- _f .
o o f
From the de®nition(15) it is obviousthat the coefdcientof the -representatioof arenonnegative
integersThis provesTheoren? for the caseof vectorsa with onegap.
Forthegenerakaseassumehattheindexvectora has gaps.Thena b for somevectorb
Similarto therepresentationf  , givenby (7) we will provein Theoremb that
b det _ _ B (18)



where - and for . NotethatLemma4 is a specialcaseof (18).

The proof of Theoremb requiresmoretechnicaleffort thanthe proof of the correspondingesult(7) for the
powerbasis . Again,it is conveniento studythedeterminanbf matriceghatareslightly moregenerathan
thematrix givenin (18). For this purposeve de®ne

if ,

. (29)
otherwise.

for .Letk andb .Then , b isde®nedy

k b det

Note that this de®nitionof |, b shouldbe distinguishedrom the de®nition(8). We choosethe same
notationto point outthe similaritiesin the proofsof Theoreml andTheorem?2.

Theoremb stateshat  ; is essentiallygivenby b . The proof dependsn the recursionformulafor
b givenby Lemma8, howeverwe postpond_emmas to the endof this section.

Theorem5 Let andb anincreasingvectot Then
- _ b o if ,
b (20)
b _ if
PrROOF We provethestatemenby inductionon . Notethattheinductionbasis is givenby Lemma4.
Then,assumehat (20) holdsfor anyincreasingvectorb and

By expansioraccordingo thelastrow, we have

b sgn b

Ontheotherhand,by induction,Lemma3, andLemma8,

b b



b
b
_ b - b
b
- b
- b
b
b
- b
- b
b
b
_ b
Equatingthe coef®cientof yields
sgn b _ (21)
Let beanarbitraryincreasingzector Thensgn andby (21)we
have

which completeghe proof of our statement.

Similarto the proof of Theoreml in the precedingsectionwe showin Theoremg thatthe coef®cientf the
-representatioof | b arenonnegativentegersfor increasingo k . Then,by Theorem5, the



coefdcientof the -representationf  , for increasinga arenonnegativentegers.This establishes
Theorenm2.

Theproofof Theorenmb useghefollowing recursiorformulafor whichfollows immediatelyfrom
(15)and(19). Let . Then
if ,
if , (22)
if
Theorem6 Forany andincreasingb k the coefdcientsof the -representationf b
arenonnegativentegers.
ProoFr Notethat , b vanishesvhenk (or b) doesnot consistof distinctentries.Expand b
according(22) andcollectthetermscorrespondingo powersof . Then
K b qq b (23)
9 k
where | is the setof vectorsq with distinct entriesderivedfrom k by ®xing entriesof k while
increasingor decreasinghe other entriesby 1. Thefactor q is alwaysl exceptin thecase and
where ¢ equals2.
Wecallanentry ofq « activeif . A subsequence of activeentriesof q is
calledactivesequencdf . An activepair of q is an
activesequencef length?2.
Applying (1) to (23) andcollectingthe coefdcientof the 's,we have
k b qgq b
even 4k
aq b
odd a9
aq b
a x
aq b
9 x
aq b
9




qq b (24)

9
k
Supposeéhatfor every eachq «  IsincreasingThen,by induction,the coef®cients
of the -representationf , b arenonnegativéntegersandsoarethe coefdcientsof k . However
if q hasanactivepair , thereexitsp K with and ( for
). We sayp is derivedfrom g by “ipping the pair

In generaljf p K derivedfrom g by ipping the distinctactivepairs,thenp is non-increasing,
however

p b g b (25)

Ontheotherhand,everynotincreasingp corresponddy meansof (25) to someuniqueincreasingj.

Let , denotehesetofincreasinglementdrom , .By inductionthecoef®cient®fthe -representation
of 4 b arenonnegativentegersfor g « - Thereforeusing(25), we replacein (24) the sumover

« byasumover | by introducingappropriateveights.It thenremainsto showthattheseweightsare
nonnegativentegers.

Let g denotethenumberof distinctvectorsthatcanbederivedby ipping activepairsof g. Notethat
this numberdepend®nly onthe numberandlengthof activesequencesf q. Assumeq consistof active
sequencesf lengths .Then ¢ where

if

otherwise

and

Applying theadditionlaw for binomial coef®cients,
(26)

In orderto dealwith the sumin (24) we haveto take the multiplicity , (p derivedfrom q) into account.

Suppose is an active pair of g, so is a subsequencef the ®rstactive sequencef g. Then

the numberof vectorsderived by “ipping  active pairs of q countedwith multiplicity is denotedby
q where

Notethat is notsymmetrichoweverusing(26),

(27)
Finally,let g equal q or q dependingnwhether is anactivepair of q or not. Thenfor
k q qd q b (28)
a x
where
q q q

10



In asimilar manneywe havefor —

k q q q b (29)
O x
where
q q
Fortunatelywe don't haveto computethe weights , however we haveto showthat q for
q « and q forq K . (Fromthe de®nitionof it is obviousthatthe weights

areintegers)Notethatq « impliesthatthe sumof thelengthsof the activesequencesf g is atmost .
Let

(30)
andde®ne , , likewise.
From(26) and(30) we derivethat
(31)
Using(31) twice,we have
(32)
Assumethat is anonnegativentegerfor . Then,by ®xing andinductionon and we
derivefrom (31) thatfor
(33)
Likewisefrom (32) we concludethat
providedthat and . Hence,underthe sameassumption,
whichis anonnegativéntegerby (33).
Thesameconclusionsarevalid for providedthat is anonnegativénteger Furthermore,
becausef (27), the abovereasoningcanbe appliedfor and . Fromthefollowing Lemma7 we
conclude
q for q K ,and
q for q K , —_—,

which completeghe proof.

11



Lemma?7 Let with . We usetheabovenotation.Then

and
if ,
otherwise.
PrROOF Usingbasicbinomial coef®cientdentities,we have
Notethat . Let . Then
and
Theidentitiesfor and areestablishedn the sameway.
Lemma8 Let andb . Then
~ b b
PrROOF We usethe notationfrom the proof of Theorem6. For each theset
singleelement . Note that and is an active pair of

constistof oneactivesequencef length . Hence by (28) andLemma7,

andlikewiseby (29)

Hence

12

_ consistof the

. Furthermore,



4 Number of Real Zerosof SparsePolynomials

Oneof the basicresultsin the theory of orthogonalpolynomialsis that the zerosof thesepolynomialsare
all real, simple andlie in the interval of orthogonality By Theorem2 the sign of the coef®cientsof the

-representatiomf  , equalssgna , hence, , doesnot vanishwhenthe indeterminatesake values
in either or . Furthermore the standardvandermondenatrix is nonsingularfor distinct
indeterminateswe conclude

Theorem9 The generalizedvandermondenatrix over  is nonsingulamprovidedthat the indeterminates
takedistinctvaluesfrom either or

As anapplicationwe answertthe questionposedby LakshmarandSaunder$5] abouttherelationshipof the
numberof realrootsof a polynomialandits sparsitywith respecto the Chebyshebasis.

Theorem 10 The numberof realzerosof a nonvanishingpolynomialin the interval (or )
doesnot exceedts sparsitywith respecto

PROOF Let bean -sparseolynomialwith -representation

with a . Assumethatthereexistsdistinct suchthat

for . Then

Note that the left-handside matrix is nonsingulatby Theorem9. Therefore, 0 and ,

contradictingheassumption.

5 VC Dimensionof SparsePolynomials

Givenaset anda®nitesubset , acollection of subset®f shatters if for everysubset of thereis
a with . TheVapnik-Chervonenkidimensiorof theclass is thelargest(possiblein®nite)
integer suchthatsomeset of cardinality is shatteredy . If theVC dimensionof is®nite, is
calledaVC class.

This notationwasintroducedby Vapnik and Chervonenkig9] to give suf®cientconditionson a class  of
eventsso thatthe relative frequencyof an eventin the classconvegesto its probability Recently the VC
dimensionprovedto be usefulin the ®eldof uniform anddistribution-freelearnability In fact, it turnsout
thatthe VC classesreexactlythe conceptclassesvhich arelearnablein Valiant's so-calledPAC modelof
learning[8] (cmp.[2] for thisrelationshipaswell asfor boundsonthe samplecomplexityin termsof theVC
dimension).

Let beacollectionof real-valuedfunctionsonaset . Let pos denotethe collectionof all sets
pos for . We identify theVC dimensiorof ~ with theVC dimension
of pos

Wenocurand Dudley [10] provedthat for vectorspaces of real-valuedfunctionsthe VC dimensionof
pos coincideswith the vectorspacedimensionof . The VC dimensionof generalcollectionsof

13



real-valuedunctionsmight thereforebe thoughtof asa measureof the degreeof freedomin the absencef
anunderlyingvectorspacestructure.

Let denotethe setof univariatepolynomialswith -sparse -representationA labelingof a
®niteset is amapping . A polynomial is saidto satisfythelabeling on if
for every .Hencetheset is shatteredy if thereis asatisfying

for everylabeling of .Fora®xedset of cardinality we mayidentify thesetof all labelings
of with

In [4] Karpinski and Werther prove linear boundson the VC dimensionof sparsepolynomialsover the
standargowerbasis.In this sectionwe extendtheir resultto sparsepolynomialsoverthe Chebyshewasis.

Theorem11 TheVC dimensionof on equals andis in®niteon

Theoreml 1 follows from thethreelemmasbelow The®rstlemmagivesalowerboundontheVC dimension
of sparsepolynomialsoverarbitrarypolynomialsets.

Lemmal2 Let be an arbitrary polynomial set. For any and there existsa
set of size  thatis shatterecby polynomialsof degreelessthan and -sparse -
representation.

PROOF We provethe statemenby inductionon .

Let . Then and . We may assume . It is easilyveri®edthat the set
- is shatteredy the -sparsepolynomials ,
, , and , eachof degreeat most1.
For purposeof induction let and assumethat is shatteredby the set
of -sparsepolynomialsof degreeat most . We assumehattheleadingcoef®cients
of and arepositive.
We constructthe set by addinga set , to
. We will specify suchthat is shatterecby a set of -sparsepolynomialsof
degreeat most with thefollowing property:For eachlabeling the polynomial
satis®es on and on . Hencetheset of size is shatteredy the set
. Notethateach is -sparseandof degreeat most

To bemoreprecisewe de®ne

for and
for . Since thereexistsa constant suchthat
for . Clearly, theaboverequirements ful®lled if for and and
for . Let
-  — and -
Now we set , , and . By de®nition for
and . Since there existsa suchthat

14



and for . Let . We

set

and . Notethat for and

Hence .

Since thereexistsa suchthat . Let

- . Then andthe claimedpropertiesareestablished.

Theupperbounddepend®n the numberof realrootsof sparsepolynomials.

Lemmal13 Let beasetshatteredy . Then
PROOF Let , , be a setof points shatteredby
Let satisfythe two alternatinglabelings and . Then
is -sparseFurthermore, for , forcing to haveatleast
realrootsin theinterval . By Theoreml0,
Lemma 14 Theclass is of in®niteVC dimensionon
PrROOF We constructfor each aset of size shatteredy
Let . Then . Notethat if — forsome and
otherwise.
Let , , denotedistinct prime numbersandlet — . Foreach
labeling we de®ne . Thenfor all ,
— — forsome
and if . De®ne suchthat for all labelings andall with
. Let . Thenfor each , satis®Res on ,i.e.theset
is shatteredy
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