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Abstract
It is awell knownfact thatthegeneralizedVandermondedeterminantcanbeexpressedas
theproductof thestandardVandermondedeterminantanda polynomialwith nonnegative
integercoef®cients.In this paperwe generalizethis result to Vandermondedeterminants
over the Chebyshevbasis.We apply this result to provethat the numberof real roots in

_U`baNced

of a real polynomial is boundedby the numberof its nonvanishingcoef®cients
(sparsity)whenrepresentedover theChebyshevbasis.This boundon thenumberof real
rootsisusedtoprove®nitenessof theVapnik-Chervonenkisdimension(andtherebyuniform
learnability)of theclassof polynomialsof boundedsparsityovertheChebyshevbasis.
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1 Intr oduction

More than a centuryago, Michell [6] proved the striking result that the determinantof the generalized
Vandermondematrix overthestandardpowerbasis

���������
	���	�
����������

canberepresentedastheproductof
thestandardVandermondedeterminantanda polynomialwith nonnegativeintegercoef®cients.

Oneof the most importantconsequencesof Michell's result is the nonsingularityof the generalizedVan-
dermondematrix whenthe indeterminatestakeon positiveanddistinctvalues.This in turn is equivalentto
the fact that thenumberof positivereal rootsof a polynomialover the realnumbersis strictly lessthanits
sparsity(the numberof nonvanishingmonomials)with respectto

�

. This resultalso follows immediately
from Descartes'Ruleof Signs.

Theseresultsprovidemajortoolsfor therecentdevelopmentsin theareaof interpolation[1] andlearnability
[4] of sparsepolynomialsoverthereals.Numerousgeneralizationsof thissettingareproposedin theliterature
andhaveattractedalot of attention.Onenaturalquestionconcernsthecommonpropertiesof realpolynomials
whichhavea sparserepresentationin basesof ���

	��

otherthanthestandardpowerbasis
�

.

In this paperwe study real polynomialsthat admit sparserepresentationsin the Chebyshevbasis �

�

��������	 �!�"�$#%��	 ���������&�

where
��'
��	 �

is the ( -th Chebyshevpolynomialof the ®rstkind. The main resultof the
paperstatesthe analogyof Michell's theoremfor the Chebyshevcase.An immediateconsequenceof this
result is the nonsingularityof Vandermondematricesover � providedthat the indeterminatestakedistinct
valuesfrom either �

���*)+�

or
�-,.)���,/�%�

.

As anapplication,weanswerthequestionposedby LakshmanandSaunders[5] abouttherelationshipof the
numberof realrootsof apolynomialandits sparsitywith respectto theChebyshevbasis.In fact,thenumber
of realzerosof apolynomial,eitherto theleft or to theright of theintervalof orthogonality, doesnotexceed
its sparsitywith respectto � .

The bound on the numberof real roots is usedto prove tight lower and upper boundson the Vapnik-
Chervonenkisdimensionof theclassof polynomialsof boundedsparsityovertheChebyshevbasis.Surpris-
ingly, theseboundscoincidewith theboundsgivenin [4] for thestandardpowerbasis.

2 Preliminaries and Notation

A polynomialsetis a sequence0
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. This
representationis calledthe 0 -representationof G . As usual,we saythat G is O -sparsewith respectto 0 if at
most O of thecoef®cientsof the 0 -representationof G arenon-zero.Thenotationgeneralizesin theusualway
to multivariatepolynomials.

TheChebyshevpolynomialsarea specialcaseof orthogonalpolynomials,distinguishedby their particular
simplicity. The
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Ontheotherhandthe � -representationof powersof
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where
H �

denotesa sumwith the ®rstterm halved.For the generaltheoryof orthogonalpolynomialsthe
readeris referredto SzegÈo'sclassicaltextbook[7].

Let 0 be a polynomial setanda
� �
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areindeterminates.Notethatthenumberof indeterminatesof ��
�� a is givenby thelengthof a.
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3 GeneralizedVandermondeDeterminant

Let 0 bea polynomialsetanda
A C
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Usingour notationwe restateMichell's theorem:

Theorem1 Let
�I� �����
	5�
	;
����������

. For any
? ANC

and any increasinga
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2

�

the coef®cientsof the
�

-representationof
<BA

� a arenonnegativeintegers.

In this sectionweextendMichell's resultto theChebyshevbasis.
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Theorem2 Let � denotetheChebyshevbasis.Forany
?aA C

andanyincreasinga
A C

2

�

thecoef®cientsof
the � -representationof

<

�

� a arenonnegativeintegers.

EvansandIsaacs[3] give a very elegantandsimpleproof of Theorem1. Their proof is by inductionon the
numberof indeterminates,however, theproof relieson thehomogeneityof

<�A

� a.

It is easyto seethat
<

�

� a is nothomogeneousin general,sowecannotusetheir ideasin theChebyshevsetting.
Instead,we will useaninductionon thenumberof gapsin theindexvectora. This approachis usedin [11]
to studythecoef®cientsof the

�

-representationof
< A

� a. It turnsout thatthesetechniques,whichonly usethe
symmetryof

< A

� a, canbe transferredto theChebyshevbasis.However, theproof of Theorem2 involvesa
lot of technicaldetails.Therefore,wesketchthealternativeproofof Theorem1 to provideaguidelinefor the
morecomplicatedproofof Theorem2.

3.1 Vandermondedeterminantsover the power basis

In this sectionwe givea proofof Theorem1 which, in contrastto theproofgivenby EvansandIsaacs,does
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Let us now considerarbitrary
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3.2 Vandermondedeterminantsover the Chebyshevbasis

In this sectionwegive theproofof Theorem2.
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�5g��P	

2

kE#!�

in (16)and(17)establishes

Lemma 4 Let
? �

s

A CE�

. Then

�

�

� 2

kE# �

&

g '

�

�

�

�

�

�

��

#



�

&

2

'

�

i

�

�

� 2 if s

�

v ,

�

&

2

'

g

i

�

�

� 2 if s

f

v .
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Theproof of Theorem5 requiresmoretechnicaleffort thantheproof of thecorrespondingresult(7) for the
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z

2
J$�

b

|




�

kE#

�

kE#"k
2

~

�




2
kE#

��	 �

z

q 4��
�

�����%�

�

k

�

q
�

&

2

'

q
�

b
�

� w

{

x


[y

z

�

2
Jm�

bd�




2
��	 �

�

w

{

x


[y

z

�

J
2

|




�

�

k
2

~

z

q 4����

���

�

k

�

q
�

&

2

'

q
�

b
�

	 
�� 


J����

���

&

k
'

�

9



n

w

*��

�

�

y

z

2 Jm�

bd�




2 kQ#%��	 � �

w

*��

�

�

y

z

�

J 2

|




�

kQ#

�

kE#qk 2

~

z

q 4�� �

��� �)�

�

k

�

q
�

&

2

'

q
�

b
�

	 
�� 


J � �

� � �%�

&

k
'

�

(24)

Supposethat for every �

� 5[�������!��� -

=

b��

eachq
A "

&




�

'

k is increasing.Then,by induction,thecoef®cients
of the � -representationof

�

&

2

'

q
�

b
�

arenonnegativeintegersandsoarethecoef®cientsof �




2%�

k
�

. However,

if q hasan activepair
�

�

' �

�

'KkE# �

, thereexitsp
A#"

&




&

�

c

#
' '

k with �

' �

�

'KkQ#

and �

'KkE# �

�

'

(�

23�

�

2

for
5

4

�

(

�

(

n��

). We sayp is derivedfrom q by ¯ipping thepair
�

�

' �

�

' kE# �

.

In general,if p
A."

&




&

�

c��

' '

k derivedfrom q by ¯ipping the 	 distinctactivepairs,thenp is non-increasing,
however

�

&

2

'

p
�

b
�E� �q,/���

�

�

&

2

'

q
�

b
�!�

(25)

On theotherhand,everynot increasingp correspondsby meansof (25) to someuniqueincreasingq.

Let 


&

j '

k denotethesetof increasingelementsfrom
"

&

j '

k . By induction,thecoef®cientsof the � -representation
of

�

&

2

'

q
�

b
�

arenonnegativeintegersfor q
A




&

j0'

k . Therefore,using(25), we replacein (24) the sumover
"

&

j '

k by a sumover 


&

j '

k by introducingappropriateweights.It thenremainsto showthat theseweightsare
nonnegativeintegers.

Let �

g �

q
�

denotethenumberof distinctvectorsthatcanbederivedby ¯ipping s activepairsof q. Notethat
this numberdependsonly on thenumberandlengthof activesequencesof q. Assumeq consistsof 	 active
sequencesof lengths�

#7���������

�
� . Then �

g �

q
�Q�

�

g �

�

#��������!�

�
�

�

where

�

g
�

�

#
�Q�

�

�

�

|��

�
c

g

g

~

if �

#��

s

v otherwise
and �

g
�

�

#
�������!�

�
�

�E�

g

z

'KJm�

�

'
�

�

#
�

�

g

c

'
�

�




�������!�

�
�

�!�

Applying theadditionlaw for binomialcoef®cients,

�

g}�

�

#����������

�

'��������!�

���

�E�

�

g}�

�

#V���������

�

'M,a�����������

�
�

�5n

�

g

c

#��

�

#7���������

�

'$, b ���������

�
�

�!�

(26)

In order to dealwith the sumin (24) we haveto takethe multiplicity
�

p (p derivedfrom q) into account.
Suppose

�

v

�����

is an active pair of q, so
�

v

�����

is a subsequenceof the ®rstactive sequenceof q. Then
the numberof vectorsderived by ¯ipping s active pairs of q countedwith multiplicity is denotedby

�
g �

q
�E�

�
g �

�

#��������!�

�
�

�

where

��g
�

�

#
�

�




���������

�
�

�`�rb

�

g

c

#
�

�

#
,eb��

�




�������!�

�
�

��n

�

g
�

�

#
,r�V�

�




���������

�
�

�!�

Notethat
��g

is notsymmetric,however, using(26),

��g
�

�

#
�������!�

�

'
�������!�

�
�

�Q�
��g

�

�

#
���������

�

'
,a���������Z�

�
�

�mn
��g

c

#
�

�

#
�������!�

�

'
,eb ���������

�
�

�!�

(27)

Finally, let �

g
�

q
�

equal
�5g

�

q
�

or �

g
�

q
�

dependingon whether
�

v

�����

is anactivepair of q or not.Thenfor
5M�

v

���������q� -

=

b��

�




2
�

k
�E�1w

{

x


[y

z

�

J
2

z

q 4��
�

���

�

k

�

q �

2

�

�

�

q
�

�

&

2

'

q
�

b
�

(28)

where

�

2

�

�

�

q
�E�

�

z

' J
2

�q,/���

�

c

'

|




'

' k
2

~
�

�

c

'[�

q
�E�

z

g

4��

�q,/���

g

|




�

c




g

�

c

2

c

g

~
�

g �

q
�!�
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In a similarmanner, we havefor
5$�

v

���������"�

{

c

#




�

�




2 kE#7�

k
�Q�

w

*��

�

�

y

z

�

J 2

z

q 4�� �

��� �)�

�

k

�

q �

�

2

�

�

�

q
� �

&

2

'

q
�

b
�

(29)

where

�

�

2

�

�

�

q
�E�

z

g

4��

�-,/���

g

|




�

c




glkE#

�

c

g

c

2 kE#

~

�

g �

q
�!�

Fortunately, we don't haveto computetheweights
�

2

�

� , however, we haveto showthat
�

2

�

�

�

q
� �

v for
q

A




&




�

'

k and
�

�

2

�

�

�

q
� �

v for q
A




&




�

kE#
'

k . (Fromthede®nitionof �

g �qi&�

it is obviousthattheweights

areintegers).Notethatq
A




&

j0'

k impliesthatthesumof thelengthsof theactivesequencesof q is at most 	 .
Let

�

&

�

'

2

�

�

�

�

#7���������

�
�

�Q�

z

g

4��

�q,/���

g

|




�

c




g

�

c

2

c

g

~ �

g �

�

#��������!�

�
�

�

(30)

andde®ne
�

�

&

�

'

2

�

�

�-i �

,
�

&��

'

2

�

�

�-i �

,
�

�

&��

'

2

�

�

�qi&�

likewise.

From(26)and(30)we derivethat

�

&

�

'

2

�

�

�

�

#��������!�

�

'h, �����������

�
�

�Q�

�

&

�

'

2

�

�

�

�

#����������

�

'����������

�
�

��n

�

&

�

'

2

�

�

c

#

�

�

#7���������

�

'�, b����������

���

�!�

(31)

Using(31) twice,wehave

�

&

�

'

2

�

�

�

�

#
,r�V�

�




n���������� �

�

�

&

�

'

2

�

�

�

�

#V�

�




������� �5n

�

&

�

'

2

�

�

c

#

�

�

#�, b �

�




������� �M,

�

&

�

'

2

�

�

c

#

�

�

#=,r���

�




,a��������� �!�

(32)

Assumethat
�

&

�

'

2

�

�

�Pb

�

�

is a nonnegativeintegerfor �

�
5

. Then,by ®xing
5

andinductionon � and � we
derivefrom (31) thatfor v/t � t

b

�

�

&

�

'

2

�

�

�

�

,a���
�

�

&

�

'

2

�

�

�

�

�
�

v

�

(33)

Likewisefrom (32)we concludethat

�

&

�

'

2

�

�

�

�

#�,a���

�




n �����������

�
�

�=_

�

&

�

'

2

�

�

�

�

#��

�




�������!�

�
�

�

providedthat �

#

t �


 and
H

�

'
_+b

� . Hence,underthesameassumption,

�

&

�

'

2

�

�

�

�

#��

�




���������

�
�

�
�

�

&

�

'

2

�

�

�
H

�

'-�

which is anonnegativeintegerby (33).

Thesameconclusionsarevalid for
�

�

&

�

'

2

�

� providedthat
�

�

&

�

'

2

�

�

�Pb

�

n ���

is anonnegativeinteger. Furthermore,

becauseof (27), theabovereasoningcanbeappliedfor
�

&��

'

2

�

� and
�

�

&��

'

2

�

� . Fromthefollowing Lemma7 we
conclude

�

2

�

�

�

q
��A CE�

for q
A




&




�

'

k , �

� 5[�������!��� -

=

b��

, and

�

�

2

�

�

�

q
��A CE�

for q
A




&




�

kE#('

k , �

� 5%�������!���

{

c

#




�

,

whichcompletestheproof.
�
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Lemma 7 Let
5[�

�

A C

with �

� 5

. We usetheabovenotation.Then

�

&

�

'

2

�

�

� b

�

�`�

�

�

&

�

'

2

�

�

� b

�

n ���Q���

and

�

&��

'

2

�

�

�Pb

�

�Q�

�

�

&��

'

2

�

�

� b

�

n����Q�

�

�

if
5d�

� ,
v otherwise.

PROOF. Usingbasicbinomialcoef®cientidentities,wehave

�

&

�

'

2

�

�

� b

�

� �

z

g

�q,/���

g

|




�

c




g

�

c

2

c

g

~

|




�

c

g

g

~

�

z

g 8




�

�-,/���

g

|




�

c




g

�

c

2

c

g

~

|




�

c

g




�

c




g

~

�

z

g 8




�

�-,/���

g

|




�

c

g

�

c

2

~

|

�

c

2

g

~

� �q,/���

�

c

2

|

c

#

�

k 2

~

� ���

Notethat
� g�� b

�

�Q�ab

|




�

c




g

c

#

g

c

#

~

n

|




�

c




g

c

#

g

~

�

|




�

c




g

g

c

#

~

n

|




�

c




g

g

~
. Let �

f#5

. Then

�

&��

'

2

�

�

� b

�

� �

z

g

�q,/���

g

|




�

c




g

�

c

2

c

g

~

�

|




�

c

g

c

#

g

c

#

~

n

|




�

c

g

g

~

� � �Qn

z

g

�q,/���

g

|




�

c




g

�

c

2

c

g

~

|




�

c

g

c

#




�

c




g

~

� �Qn

z

g 8




�

c

#

�q,/���

g

|




�

c

#

c

g

�

c

#

c

2

~

|

�

c

#

c

2

g

c

#

~

� �Qn��q,/���

�

c

2

|

c

#

�

k
2

c

#

~

�

v

�

and

�

&��

'

�

�

�

�Pb

�

� � �Qn

z

g

�q,/���

g

|




�

c

#

c

g

c

#

~

|

c

#

g

c

#

~

� �Qn

v

� ���

Theidentitiesfor
�

�

&

�

'

2

�

�

�Pb

�

n ���

and
�

�

&��

'

2

�

�

�Pb

�

n����

areestablishedin thesameway.
�

Lemma 8 Let
? � - A C

andb
A C

{

� . Then

�

&

2

kQ#('

{

�

b
�E�

{

z

�

jKJm�

bd�
j

��	

2

kE#
�

�

&

2

'

{

kE# �

&

j0'

�

b
�!�

PROOF. We usethenotationfrom theproof of Theorem6. For eachv

_

	

_ -

theset 


&

j0'

{ consistsof the
singleelement

-`n �

,

�

	

�

. Note that
�

{

kE# �

&

j '

� �

and
�

v

�����

is an activepair of
-Qn �

,

�

	

�

. Furthermore,
-`n��

,

�

	

�

constistsof oneactivesequenceof length 	 . Hence,by (28)andLemma7,

�




2
� - �E�

w

{

x


[y

z

�

J
2

z

q 4��
�

���

�

*

�

q �

&��

'

2

�

�

�

q
�

�

&

2

'

q
�

b
�`�

w

{

x


[y

z

�

J
2

�

�

2

�

�

�Pb

�

�
�

&

2

'

{

kE# �

&




�

'

�

b
�Q�

�

&

2

'

{

kQ# �

&




2
'

�

b
�

andlikewiseby (29)

�




2
�0- �E�

w

*��

�

�

y

z

�

J
2

�

�

�

2

�

�

� b

�

n����
�

&

2

'

{

kE# �

&




�

kE#('

�

b
�E�

�

&

2

'

{

kE# �

&




2
kQ#('

�

b
�!�

Hence

�

&

2

kQ#('

{

�

b
� � w

{

x


[y

z

�

2
Jm�

bd�




2 ��	 �
�

&

2

'

{

kE# �

&




2
'

�

b
��n

w

*��

�

�

y

z

2
Jm�

bd�




2
kE#

��	 �
�

&

2

'

{

kQ# �

&




2
kE#
'

�

b
�

�

{

z

�

j Jm�

bd�
j

��	

2

kE#
�

�

&

2

'

{

kQ# �

&

j '

�

b
���

�
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4 Number of RealZerosof SparsePolynomials

Oneof the basicresultsin the theoryof orthogonalpolynomialsis that the zerosof thesepolynomialsare
all real, simple and lie in the interval of orthogonality. By Theorem2 the sign of the coef®cientsof the

� -representationof
<

�

� a equalssgn
�

a
�

, hence,
<

�

� a doesnot vanishwhen the indeterminatestakevalues
in either

�q,.) �!,/�[�

or �

���%) �

. Furthermore,the standardVandermondematrix is nonsingularfor distinct
indeterminates.We conclude

Theorem9 The generalizedVandermondematrix over � is nonsingularprovidedthat the indeterminates
takedistinctvaluesfrom either

�-,.)���,/�%�

or �

�V�*)+�

.

As anapplication,weanswerthequestionposedby LakshmanandSaunders[5] abouttherelationshipof the
numberof realrootsof a polynomialandits sparsitywith respectto theChebyshevbasis.

Theorem10 Thenumberof realzerosof a nonvanishingpolynomialin the interval �

�V�*)+�

(or
�-,.)���,/�%�

)
doesnotexceedits sparsitywith respectto � .

PROOF. Let G 4

�

v bean � -sparsepolynomialwith � -representation

G

��	 �E�

�

z

' JE#

L

'
�

���

�P	 �

with a
� � 	

#
����������	

�

� A C

�

� . Assumethat thereexistsdistinct
	

#
���������
	

�

A

�

���%) �

suchthat G

��	
'

� �

v

for (

�N�V���������

� . Then
�
�

�

�

�
�

��	
#

� ����� �

�

�

��	
#

�

...
...

�

���

��	

�

� ����� �

�
�

��	

�

�

�
�

�

i

�
�

�

L

#

...
L

�

�
�

�

�

�
�

�

v

...
v

�
�

�

�

Note that the left-handsidematrix is nonsingularby Theorem9. Therefore,
�

L

#
�������!�

L

�

� �

0 and G

�

v ,
contradictingtheassumption.

�

5 VC Dimensionof SparsePolynomials

Givenaset
�

anda®nitesubset
"

, acollection
�

of subsetsof
�

shatters
"

if for everysubset
�

of
"

thereis
a L

A
�

with
� �

L��

"

. TheVapnik-Chervonenkisdimensionof theclass
�

is thelargest(possiblein®nite)
integer � suchthatsomeset

"��
�

of cardinality � is shatteredby
�

. If theVC dimensionof
�

is ®nite,
�

is
calleda VC class.

This notationwasintroducedby VapnikandChervonenkis[9] to give suf®cientconditionson a class
�

of
eventsso that the relativefrequencyof an eventin the classconvergesto its probability. Recently, the VC
dimensionprovedto be useful in the®eldof uniform anddistribution-freelearnability. In fact, it turnsout
that theVC classesareexactlytheconceptclasseswhich arelearnablein Valiant's so-calledPAC modelof
learning[8] (cmp.[2] for this relationshipaswell asfor boundsonthesamplecomplexityin termsof theVC
dimension).

Let 	 be a collectionof real-valuedfunctionson a set
�

. Let pos
��
D,

	

�

denotethecollectionof all sets
pos

��
 ,

G

�E�N�!	 A
�

]�
 ,

G

�P	;�=f

v

�

for G

A

	 . We identify theVC dimensionof 	 with theVC dimension
of pos

��
e,

	

�

.

WenocurandDudley [10] provedthat for vectorspaces	 of real-valuedfunctionsthe VC dimensionof
pos

��
 ,

	

�

coincideswith the vectorspacedimensionof 	 . The VC dimensionof generalcollectionsof
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real-valuedfunctionsmight thereforebethoughtof asa measureof thedegreeof freedomin theabsenceof
anunderlyingvectorspacestructure.

Let
�


�� �

�

�=�

	F�

denotethe setof univariatepolynomialswith O -sparse0 -representation.A labelingof a
®niteset

" �

�




is amapping���

"�� � �

v

���l�

. A polynomial G

A

�


�� � is saidto satisfythelabeling � on
"

if
�

�q�P	�� 
M�q�Q�����
	 
Df

G

��	 �

for every
��	�� 
$��A "

. Hence,theset
"

is shatteredby
�


�� � if thereis asatisfying
G��

A

�


�� � for everylabeling � of
"

. Fora®xedset
"

of cardinality � wemayidentify thesetof all labelings
of

"

with
�

v

���l��


.

In [4] Karpinski and Wertherprove linear boundson the VC dimensionof sparsepolynomialsover the
standardpowerbasis.In thissectionwe extendtheir resultto sparsepolynomialsovertheChebyshevbasis.

Theorem11 TheVC dimensionof
�

�

� � on �

�V�*)+���

� equals
b

O andis in®niteon
�q,/���������

� .

Theorem11follows from thethreelemmasbelow. The®rstlemmagivesalowerboundontheVC dimension
of sparsepolynomialsoverarbitrarypolynomialsets.

Lemma 12 Let 0

� �

0�2

�

be an arbitrary polynomial set. For any O

A1C

and
/ A

� there exists a
set

"

�

�

�

/M�%) ���

� of size
b

O that is shatteredby polynomialsof degreelessthan
b

O and O -sparse0 -
representation.

PROOF. We provethestatementby inductionon O .

Let O

� �

. Then 0

�
��	 � �

L and 0

#
� 	F	un

� . We may assume
	af

v . It is easilyveri®edthat the set
"

#
� ���0/d�

0

#
� /��$nB���!���0/Xn��

�

�

0

#
�0/5�mn��\�[�

is shatteredby the
�

-sparsepolynomialsG

�!�
��	 �`�

0

#
� /��$n��

,
G

�l#
�P	 �E�

0

#
� /��mnDb

, G

#-�
�P	;�E�

0

#
��	 �

, and G

#!#
�P	 �Q�

0

#
� /5�M,r�

, eachof degreeat most1.

For purposeof induction let s

� b

O and assumethat
"

�

� ����	
'

� 

'

�%�
' JE#

�

�����

�

g

is shatteredby the set
�

�

�@�

G
�

�

�
4��

�

�

#����

of O -sparsepolynomialsof degreeatmost s

,+�

. We assumethattheleadingcoef®cients
of 0

g

and 0

glkE#

arepositive.

We constructthe set
"

�

kE#

by addinga set
"�� �\�P	 glkQ#7� 
MglkE#����!��	 glk




� 
Mglk




�%�

,
	 g

t

	 glkE#

t

	;glk


 to
"

� . We will specify
"

such that
"

is shatteredby a set  

� �"!�#��

#

4��

�

�

#��

� of
�

-sparsepolynomialsof
degreeat most s

n �

with thefollowing property:For eachlabeling ���

AD�

v

���l�

g

� �

v

���l�Z


thepolynomial
G

�

n$!%#

satis®es� on
"

� and � on
"

. Hencethe set
"

�

kE# � "

�'&

"

of size
b

O

n+b

is shatteredby the set
�

�

kQ#3�N�

G

n(!.]

G

A

�

�

�)!uA

 

�

. NotethateachG

A

�

�

kE#

is O

n �

-sparseandof degreeatmost s

n��

.

To bemoreprecisewede®ne *

'Q�$+�,.-

/

4�021

]

G

��	}'-�d, 
m'Z]

for (

�N�V���������

s and *

'E�3+�,.-

4

465

]7! ��	}'*�$, 
m'Z]

for (

�

s

n ���

s

nDb

. Since9;:!<

�

G

�

trs

�

G

A

�

� thereexistsaconstantL

A

�

k

suchthat

8

/

4�0
1

]

G

�P	;��]�_

L

]

0

g

c

#���	 ��]

for
	 f 	

g

. Clearly, theaboverequirementis ful®lledif
]7!

#
�P	

'
��]

t

*

'

for �

A �

v

���l�Z


and (

� �����������

s and
L

]

0

g

c

#
��	

'
��]

t

*

'

for (

�

s

n ���

s

nob

. Let

L

���
�

#




+�,.-

�

�

�

���������

�

9

�

�7:

�

�


�

8

*

'

]

0

g ��	}'-��] and L

�l#
�

#




L

�!�
�

Now we set
!��!�1�

L

���

0

g

,
!F�7#N�

L

�l#

0

g

, and
! #�#N�

v . By de®nition
];!<#$�P	}'-��]

t

*

'

for �

�

�

v

�

v

���!�

v

�������!�-�V�����

and (

� �����������

s . Since 9 :!<

�

0

g��ef

9;:�<

�

0

g

c

#��

thereexistsa
	�glkE#oA

� suchthat

14



!F�7#7��	 glkE#�� � �

L

]

0

g

c

#7�P	;glkQ#���]

and 0

g;�P	 �.f ]

0

g

c

#7��	 ��]

for
	 fS	 glkE#

. Let

MglkE#/� b

L

]

0

g

c

#���	 glkE#���]

. We
set

L

#-� � +�,.-

�

#




+�,.-

�

�

�

������� �

�

9

�

�%�

�7:

�

�


�

8

*

'

]

0

glkE# �P	 ' ��]

�

L

]

0

g

c

#7��	 glkE#!��]

]

0

glkE# ��	 glkE# ��]��

and
!�#-� �

L

#-�

0

glkE#

. Notethat
];! #*����	}'-��]

t

*

'

for (

�N���������Z�

s and
]7!�#-���P	 glkE#���]-n

L

]

0

g

c

#l��	 glkE#!��]�_ 
$glkQ#

.
Hence

*

glkE# f

L

]

0

g

c

#7��	 glkE#!��]

.

Since 9;:!<

�

0

glkQ#��uf

9 :!<

�

0

gF�

thereexistsa
	 glk




A

� suchthat
!��l#���	 glk




� � !F�!�F��	 glk




�

. Let

MglkE# �

#




��!F�!����	 glk




��n3! #-�F��	 glk




�q�

. Then
*

glk




f

L

]

0

g

c

#7��	 glk




��]

andtheclaimedpropertiesareestablished.
�

Theupperbounddependson thenumberof realrootsof sparsepolynomials.

Lemma 13 Let
" �

�

���%) ���

� beasetshatteredby
�

�

� � . Then
] "5]F_+b

O .

PROOF. Let
"�� ����	 ' � 
 ' �%� 'KJE#

�

�����

�


 ,
/ _ 	 #

t

	




t

�����

t

	


 , be a set of points shatteredby
�

�

� � .
Let G

# �

G




A

�

�

� � satisfythe two alternatinglabelings �

# � �*���

v

�����

v

�������&�

and �




� �

v

�����

v

�������������

. Then
�

� �

G

#
,

G




�

is
b

O -sparse.Furthermore,
�

��	
'

�Mi

�

��	
' kE#

�

tSv for (

�������������

�

,r�

, forcing
�

to haveat least
�

,r�

realrootsin theinterval
��	

#
��	




���

�

���*)+�

. By Theorem10, �

,a�

t

b

O .
�

Lemma 14 Theclass
�

�

� � is of in®niteVC dimensionon
�q,/���������

� .

PROOF. We constructfor each�

A C

aset
"

�

� �q,/�V����� �

� of size � shatteredby �

�

�

�

�

#

.

Let
	 A �q,/�������

. Then
�

2

�P	;�`�SR�T\U�� ?XWZY%R�R�T\U[��	 �q�

. Notethat
�

2

�P	;�`�N�

if
	X��R�TVU!�




g

2

!

�

for somes

A C

and
�

2

�P	 �

t

�

otherwise.

Let �

' f@b

, (

�I�����������

� , denotedistinctprime numbersandlet
	 ' � R�TVU��




�

�

!

�

, (

�I�����������

� . For each

labeling �

A �

v

���l�

�

we de®ne
?

�

�

�

�

'KJE#

�

�

&

' '

' . Thenfor all �

A �

v

���l�

�

,

�

2��

�P	
'

�E� � �

b

�

'

!

�

b

s

?

�

! for somes

A C �

�

'
]Z?

�

�

�

�

(

�Q���

and
�

2
�

�P	}'-�

t

�

if �

�

(

�/�

v . De®ne
*

f

v suchthat
�

2
�

�P	�'*�

t

� ,

*

for all labelings � andall ( with
�

�

(

�>�

v . Let
"

�

�1�\��	}'����3,

*

�[��'KJQ#

�

�����

�

� . Thenfor each �

A+�

v

���l�

�

,
�

2
�

satis®es� on
"

� , i.e. theset
"

� is shatteredby � .
�
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